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ASTRID AN HUEF, ALEX KUMJIAN, AND AIDAN SIMS 

Abstract. We generalise the Dixmier-Douady classification of continuous-trace C*- 
algebras to Fell algebras. To do so, we show that C*-diagonals in Fell algebras are 
precisely abelian subalgebras with the extension property, and use this to prove that 
every Fell algebra is Morita equivalent to one containing a diagonal subalgebra. We 
then use the machinery of twisted groupoid C*-algebras and equivariant sheaf coho- 
mology to define an analogue of the Dixmier-Douady invariant for Fell algebras and 
to prove our classification theorem. 



1. Introduction 

The Dixmier-Douady theorem classifies continuous-trace C*-algebras with spectrum 
T up to Morita equivalence by classes in a third cohomology group [T7j, and the Phillips- 
Raeburn theorem classifies their Co(T)-automorphisms using classes in the correspond- 
ing second cohomology group [3S]- The Dixmier-Douady Theorem has been very infiu- 
ential in the study of C*-dynamical systems (see for example [3H]), and has been applied 
in differential geometry [10], in mathematical physics [HI [121 EI], and in the definition 
of twisted K-theory [12]. The object of this paper is to extend the Dixmier-Douady 
theorem to Fell algebras. 

A Fell algebra is a C*-algebra A such that every irreducible representation ttq of A 
satisfies Fell's condition: there is a positive h & A and a neighbourhood U of [ttq] in 
A such that Ti{h) is a rank-one projection whenever [vr] G U . The spectrum of a Fell 
algebra is always locally Hausdorff [6l Corollary 3.4], and is Hausdorff if and only if 
the Fell algebra is a continuous-trace C*-algebra. The class of Fell algebras coincides 
with the class of Type Iq algebras defined by Pedersen in [351 §6-1] as the C*-algebras 
generated by their abelian elements (see pageH]). Fell algebras are the natural building 
blocks for Type I C*-algebras: every Type I C*-algebra has a canonical composition 
series consisting of Fell algebras [351 Theorem 6.2.6] (by contrast there always exists a 
composition series consisting of continuous-trace C*-algebras, but no canonical one). 

Let T be a locally compact, Hausdorff space. Given a continuous-trace C*-algebra A 
with spectrum identified with T, the Dixmier-Douady invariant 5{A) belongs to a second 
sheaf-cohomology group H'^{T,S). The Dixmier-Douady classification of continuous- 
trace C*-algebras says that if A and B are continuous-trace C*-algebras with spectra 
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identified with T, then 6{A) = 6{B) if and only if there is an A-U-imprimitivity bimod- 
ule whose Rieffel homeomorphism respects the identifications of A and B with T. 

If we replace continuous-trace C*-algebras with Fell algebras, we must deal with lo- 
cally compact, locally Hausdorff spaces X. There is no difficulty with sheaf cohomology 
for such spaces, but the definition of our analogue of the Dixmier-Douady invariant 
S{A) G H'^{A,S) is more involved. We tackle the problem using the machinery of 
C*-diagonals and of twisted groupoid C*-algebras. 

A C*-diagonal consists of a C*-algebra A and a maximal abelian subalgebra B of A 
with properties modeled on those of the subalgebra of diagonal matrices in M„(C) (see 
Definition 15.21) . Diagonals relate to Fell algebras as follows. Consider a Fell algebra 
A with a generating sequence of pairwise orthogonal abelian elements such that 
a := 4aj is strictly positive in A. That is, the hereditary subalgebra generated by 
a is equal to A. Then B := OjAaj is an abelian subalgebra of A, which we prove is 
a diagonal. Indeed, Theorem 15.171 shows that every separable Fell algebra A is Morita 
equivalent to a C*-algebra C with a diagonal subalgebra D arising in just this fashion. 
In outline the construction is straightforward. Fix a sequence of abelian elements 
which generate A and let cij = Ojj G A (g) /C(/^(N)) for each i. Let C be the smallest 
hereditary C*-subalgebra containing all the di and let 

D := 0.Si(A®/C)a, = 0^ {aiAai^Qii). 

To prove that D is a diagonal, we show in Theorem 15.141 that diagonals in Fell algebras 
A can be characterised as the abelian subalgebras B which have the extension property 
relative to A: every pure state of B extends uniquely to a state of A. This extends 
Theorem 2.2] from continuous-trace C*-algebras to Fell algebras. Example 15.151 shows 
that this characterisation does not generalise to bounded-trace C*-algebras. 

C*-diagonals arise naturally from topological twists: exact sequences of groupoids 

r(o) ^ r(o) X T ^ r -> i? 

(just r — /2 for short) such that F is a T-groupoid and i? is a principal etale groupoid 
with unit space F^^^ (see page [19]). The associated twisted groupoid C*-algebra C*(F; R) 
is a completion of the space of continuous T-equivariant functions on F and contains 
a subalgebra isomorphic to Co(F(°)). Moreover, the pair (C*(F; i?), Co(F(°))) is a C*- 
diagonal. Kumjian showed in [2B] that every diagonal pair arises in this way: given 
a diagonal pair [A, B) there exists a topological twist F — i? and an isomorphism 
(j) : A ^ C;(F;i?) such that (j){B) = Co(F(°)). Together with the results outhned in 
the preceding paragraph, this implies that each Fell algebra is Morita equivalent to a 
twisted groupoid C*-algebra C*(F; R). 

Given a principal etale groupoid R, an isomorphism of twists over R is an isomorphism 
of exact sequences which identifies ends. The isomorphism classes of topological twists 
over R form a group Tw(i?) called the twist group [27j. It was shown in [29] how the twist 
group fits into a long exact sequence of equivariant-sheaf cohomology. In particular, the 
boundary map in this long exact sequence determines a homomorphism from the twist 
group to the second equivariant-cohomology group H'^{R,S). We use this construction 
to define an analogue of the Dixmier-Douady invariant for a Fell algebra A. Given a Fell 
algebra A with spectrum X, choose any twist T —> R such that A is Morita equivalent to 
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C*(T; R). Applying ff^ to the class of V in the twist group of R yields an element 5^([r]) 
of H'^{R,S). We show that the local homeomorphism ip : T^'^^ X obtained from 
the state-extension property yields an isomorphism ir^ from the usual sheaf-cohomology 
group H'^{X,S) to the equi variant- sheaf cohomology group H'^{R,S). We then show 
that the class 6 (A) = (vr;)"! (9^ ([£])) e H\X,S) does not depend on our choice of 
twist r — )■ i?, and regard S{A) as an analogue of the Dixmier-Douady invariant for A. 

This paves the way for our main result, Theorem 17.131 Fell algebras Ai and A2 are 
Morita equivalent if and only if there is a homeomorphism between their spectra such 
that the induced isomorphism H'^(^Ai,S) = H'^[A2,S) carries S{Ai) to S{A2). The 
invariant is exhausted in the sense that each element of H^{X,S) can be realised as 
6{A) for some Fell algebra A with spectrum X (Proposition 17. 161) . 

A motivating example was a generalisation of Green's theorem for free and proper 
transformation groups to free transformation groups {G, X) where X is a Cartan G- 
space. Our Corollary 14.61 gives a Morita equivalence between the transformation-group 
C*-algebra Cq{X) x G and the C*-algebra of the equivalence relation induced by a local 
homeomorphism from a Hausdorff space Y to the (not necessarily Hausdorff) quotient 
space G\X. This result and its construction are prototypes for our later investigations 
of diagonals in Fell algebras. In particular, we show that 6{Co{X) xi G) is trivial. 

2. Preliminaries 

For a C*-algebra A, let A denote the C*-algebra A + Cl obtained by adjoining a unit. 
If S is a C*-subalgebra of A, we regard i? as a unital C*-subalgebra of A (so, 1^ = 1^). 

Given a Hilbert space H, denote by IC{H) the C*-algebra of compact operators on 
H. For ^,?7 G -ff, let 6^^^ G JC{H) be the rank-one operator defined by 0^^^(C) = (Cl^)^- 

A C*-algebra A is liminary if 'n{A) = /C(i7^) for every irreducible representation vr. 
If B is an abelian C*-algebra we freely identify B and Gq{B). 

Let G be a Hausdorff topological groupoid with unit space G^^\ We denote the range 
and source maps by r, s : G — t- G^*^^ and the set of composable pairs of G by G*^^-* . Let 
U he a. subset of the unit space. We write UG, GU and UGU for r~^{U), s~^{U) and 
r-^{U) n s-^{U)] U is called full if s{UG) = G^^l A subset T of G is a G-set if the 
restrictions of s and r to T are one-to-one. We implicitly identify units of G with the 
associated identity morphisms throughout. 

A groupoid is principal if the map 7 h-> (r(7), 5(7)) is one-to-one. A groupoid is Stale 
if the range map (equivalently the source map) is a local homeomorphism. If G is an 
etale groupoid then the unit space is open in G and for each u G G^^^ the fibre 
r~^{u) is discrete. 

A topological space X is locally compact if every point of X has a compact neighbour- 
hood in X; and X is locally Hausdorff if every point of X has a Hausdorff neighbourhood. 

3. Fell and Type Iq algebras 

In this section we show that the classes of Fell and Type Iq G*-algebras coincide. 

Let A be a G*-algebra. A positive element a of A is abelian if the hereditary G*- 
subalgebra aAa generated by a is commutative. If A is generated as a G*-algebra by its 
abelian elements then A is said to be of Type Iq [35l §6.1]. An irreducible representation 
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ttq of A satisfies Fell's condition if there exist b G and an open neighbourhood U of 
[tto] in A such that 7i{b) is a rank-one projection whenever [n] E U; this property goes 
back as far as [19]. If every irreducible representation of A satisfies Fell's condition then 
A is said to be a Fell algebra O §3]. That the Fell algebras coincide with the Type Jq 
C*-algebras is a consequence of the following lemma which is stated in [6l §3]. 

Lemma 3.1. Let A be a C* -algebra and ttq an irreducible representation of A. Then 
there exists an abelian element a of A such that 7ro(a) if and only if ttq satisfies 
Fell's condition. 

Proof. Suppose a G A'^ is an abelian element such that 7ro(a) ^ 0. By rescaling we 
may assume that ||7ro(a)|| = 1. By [33 Lemma 6.1.3], rank(7r(a)) < 1 for all irreducible 
representations vr of A. Since [vr] i— )■ ||vr(a)|| is lower semicontinuous there exists a 
neighbourhood U of [ttq] in A such that ||7r(a)|| > 1/2 when [vr] G U. In particular, the 
spectrum a{7i{a)) of n{a) is {0, A^} for some > 1/2. Fix / G C([0, ||a||]) such that 
/ is identically zero on [0,1/8] and is identically one on [1/4, ||a||]. Set b = f{a). If 
[it] G U then 

a(7r(6)) = a(7r(/(a))) = /(a(7r(a))) = /({O, A J) = {0, 1}. 

Since rank(7r(a)) = 1, 7r(6) is a rank-one projection. Thus ttq satisfies Fell's condition. 

Now suppose that ttq satisfies Fell's condition. Then there exist a G A'^ and an open 
neighbourhood U of [ttq] in A such that 7r(a) is a rank-one projection when [tt] G f/. Let 
J be the closed ideal of A such that J = U. There exists x G J"*" such that 7ro(aa;a) 7^ 
(choose an approximate identity {e\} for J and note that 7ro(eA) — )■ 1 in B{H)). Now 
7r(axa) = whenever [vr] ^ J, and rank(7r(axa)) < rank(7r(a)) < 1 when [tt] G J. Thus 
rank(7r(aa;a)) < 1 for all irreducible representations of A, and hence axa is an abelian 
element by Lemma 6.1.3]. □ 

It is well known that if p G M{A) is a projection then Ap is an ApA-pAp-iTaprimitivitj 
bimodule (see, for example, [371 Example 3.6]). More generally we have: 

Lemma 3.2. Let A be a C* -algebra. If b E A is self-adjoin^ then Ab is an AbA-bAb- 
imprimitivity bimodule with actions given by multiplication in A and 

34^(a6, cb) = ab'^c* and {ab , cb)^ = ba*cb. 

Proof. The actions and inner products are restrictions of those on the standard A-A- 
bimodule A, so we need only check that both inner products are full. The right inner 
product is full because products are dense in A and the left inner product is full because 
beC*{{b'^}) C A, so AbA = AIPA. □ 

By [SI Corollary 3.4], the spectrum of a Fell algebra is locally Hausdorff. So Fell alge- 
bras may be regarded as locally continuous-trace C*-algebras; since they are generated 

^ Added November 2011: unfortunately our proof here assumes that b = \f\p-^ so it only works for 
positive h. But Lemma [3.21 is true as stated. To see that the left inner product is full we need to show 
that AhA C AlP-A. Since ^J\o\ G APA it suffices to show that b £ Ay^\A. Define g{x) = ^/\x\ for 
X eR and define / : M ^ R by f{x) = ^ for x >Q and f{x) = -i/ja^ for x < 0. Then f{x)g{x) = x 
for all X e R, so 6 = /(6) VlM required. 
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by their abelian elements, they may also be regarded as locally Morita equivalent to a 
commutative C*-algebra. We make this precise in the following theorem. 

Theorem 3.3. Let A be a C* -algebra. The following are equivalent: 

(1) A is of Type Iq; 

(2) there exists a collection {la : a E S} of ideals of A such that A is generated by 
these ideals and each la is Morita equivalent to a commutative C* -algebra; 

(3) A is a Fell algebra. 

Proof. ((1) =^ (2)) Suppose A is Type Iq. Let S be the set of abelian elements of A. 
For each a G S*, the sub- C*- algebra aAa is commutative, and by Lemma I3.2[ aAa is 
Morita equivalent to the ideal la '■= AaA generated by a. Since A is generated by S it 
is also generated, as a C*-algebra, by the collection of ideals {/„ : a E S}. 

((2) =^ (3)) Assume (2). Fix an irreducible representation ttq of A. Since A is 
generated by the ideals there exists Oq such that ttq does not vanish on lag. Morita 
equivalence preserves the property of being a continuous-trace C*-algebra, so la^ is itself 
a continuous-trace C*-algebra. The restriction of ttq to la,, is an irreducible representa- 
tion which satisfies Fell's condition in /qq (since la^ is a continuous-trace C*-algebra). So 
there exist b E la^ and a neighbourhood U of such that 7r{b) is a rank-one projection 
whenever [tt] G U. Now b e and U can be viewed as an open subset of A, so ttq 
satisfies Fell's condition in A. 

((3) =^ (1)) Suppose that A is a Fell algebra. By Lemma [XT] for each irreducible 
representation tt of A there exists an abelian element G A such that vr(a7r) 7^ 0. 
Let B be the C*-algebra generated by the set S of all abelian elements of A, so that 
B = span{ai ■ ■ - a-a '■ n EN,ai E S}. Since 7i\b 7^ for all n E A, B is not contained in 
any proper ideal of A. But B is an ideal of A by [SHI 6.L7] (the largest Type Iq ideal in 
fact), so B = A and A is Type Iq. □ 

4. Green's theorem for free Cartan transformation groups. 

Throughout this section let G be a second-countable, locally compact, Hausdorff group 
acting continuously on a second-countable, locally compact, Hausdorff space X. We will 
prove a generalisation of Green's theorem for free group actions which are not proper 
but only locally proper. Green's theorem says that if a group G acts freely and properly 
on a space X, then the crossed product Co{X) xi G is Morita equivalent to Co{X/G)] it 
follows that the Dixmier-Douady invariant of the continuous-trace C*-algebra Co{X) xG 
is trivial. In section [3, we will establish the analogous result for locally proper actions 
and our generalisation of the Dixmier-Douady classification. 

Recall from [Ml Definition 1.1.2] that X is a Cartan G-space if each point of X has a 
wandering neighbourhood U; that is, a neighbourhood U such that {s E G : s-UnU 7^ 0} 
is relatively compact in G. If X is a Cartan G-space with a free action of G then we 
will just say that {G,X) is a free Cartan transformation group. 

The action of G on X is proper if every compact subset of X is wandering. Equiva- 
lently, the action is proper if the map (p: GxX^XxX given by (f){g, x) = {g ■ x, x) 
is proper in the sense that the inverse images of compact sets are compact. If f/ is a 
wandering neighbourhood in X, then the action of G on the saturation G ■ U of f/ is 
proper by [311 Proposition 1.2.4]. 
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If G acts freely on X and x,y & X with G-x = G-y, then there is a unique r(x, y) E G 
such that 

(4.1) y = T{x,y)-x; 

this defines a function r from 

X Xg\x X ■= {(x, y)eXxX ■G-x = G-y} 

to G. If X is a free Cartan G-space, then r is continuous by [Ml Theorem 1.1.3]. 
The next lemma follows from [9], 1. 10.1 Proposition 2]. 

Lemma 4.1. Suppose that the group G acts freely on X. Then the action of G on X is 
proper if and only ifcp: GxX^XxX, {g,x) ^ {g ■ x,x) is a homeomorphism onto 
a closed subset of X x X . 

Lemma 4.2. Suppose that {G,X) is a free Cartan transformation group. 

(1) There exists a covering {Ui : i E 1} of X by G-invariant open sets such that 
(G, Ui) is proper for each i. 

(2) Let {Ui : i E 1} be a cover as in (1), and let W := \_\iUi be the topological 
disjoint union of the Ui. Then the map (p : G xW x W , {g, x) ^ {g ■ x, x) 
is a homeomorphism onto a closed subset ofWx W . 

Proof. (1) If U is a wandering neighbourhood in X, then its saturation G -U is a. proper 
G-space by [Ml Proposition 1.2.4]. So choose a cover {Vi : i E 1} of open wandering 
neighbourhoods in X and then take Ui = G ■ Vi for all I. 

(2) The action of G on is (7 ■ x* = ((7 ■ x)*, where, for x E Ui G X, we write x* for 
the corresponding element in the copy of Ui in W. The action of G on is free because 
the action of G on X is free. 

Since the action on W is continuous, so is </>. Since the action on W is free, is 
one-to-one. The inverse (f)~^ : ranged G x W is given by (j)~^{y,x) = (r(x,2/),x). 
The map r : X Xq\x X ^ G of fl4.ip is continuous because {G,X) is Cartan, so is 
continuous. To see that the range of </> is closed, suppose that 

is a sequence in ranged converging to {y,x^). Then x^" — > x\ so in = j eventually. 
Since Uj is G-invariant, gn ■ a;^" E Uj eventually as well. Since gn -x"^ — )■ y it follows that 
y E Uj. In particular, G ■ x^ converges to both G ■ x^ and G ■ y. But the action of G on 
Uj is proper, so G\X is Hausdorff and hence y E G ■ x as required. □ 

The following definitions are from [321 §2]. Let P be a locally compact, Hausdorff 
groupoid and Z a locally compact space. We say P acts on the left of Z if there 
is a continuous open map p : Z P^^^ and a continuous map (7, x) 1— )■ 7 ■ x from 
T * Z = T s*p Z := {{-f,x) E T X Z : 3(7) = p(x)} to Z such that 

(1) p(7 ■ x) = r(7) for (7, x) G P s*p Z; 

(2) if (71, x) G P s*p Z and (72, 71) G P^^^ then (7271) ■ a: = 72 ■ (71 ■ a;); 

(3) p(x) ■ X = X for X G 

Right actions of P on Z are defined similarly, except that we use a : Z P(0) and 
Z „*r P := {(x,7) E Z X r : a{x) = t(7)}. An action of P on the left of Z is said 
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to be free if 7 ■ x = x implies that 7 = p{x), and is said to be proper if the map 
r s*p Z — Z X Z : (7, x) I— )■ (7 ■ X, x) is proper. 

Definition 4.3. If Fi and r2 are groupoids then an equivalence from Ti to r2 is a triple 
{Z, p, a) where 

(1) Z carries a free and proper left-action of Fi with fibre map p : Z ^ r[°\ and a 
free and proper right-action of r2 with fibre map a : Z — j- T'^^'^ 

(2) the actions of Fi and r2 on Z commute, and 

(3) p and a induce bijections of Z/r2 onto vf'^ and of Ti\Z onto T^2 \ respectively. 

Since p and a are continuous open maps Definition 14.3( 3) implies that p and a induce 
homeomorphisms Z/r2 = and Ti\Z = We will often just say that Z is a 

ri-r2-equivalence, leaving the fibre maps a, p implicit. The main theorem of [32] says 
that if Fi and r2 are groupoids with Haar systems and Z is a ri-r2-equivalence, then 
Cc{Z) can be completed to a C*(ri)-C*(r2)-imprimitivity bimodule [32l Theorem 2.8], 
so the full groupoid C*-algebras of Fi and r2 are Morita equivalent. 

If {G, X) is a transformation group we view G x X as a transformation-group groupoid 
with composable elements 

(G X X)(2) = {((^, x), (/i, y))e{GxX)x{GxX):x = h-y] 

and {g, h ■ y){h,y) = (gh.y); the inverse is given by {g,x)^^ = {g^^.g ■ x). We identify 
the unit space {G x X)^^^ = {e} x X with X, so s{g,x) = x and r(g,x) = g ■ x for all 
{g,x) e G X X. 

Suppose that {G,X) is a free Cartan transformation group. Let {Ui : i G /} be a 
covering of X by G-invariant open sets such that (G, Ui) is proper for each i; then each 
Vi := G\Ui is locally compact and Hausdorff. Let q : X G\X be the quotient map. 
For each i, denote by : ?7j — )■ the restricted quotient map, and let ipi : Vi ^ q{Ui) C 
G\X be the inclusion homeomorphism. Let F := [J^ be the topological disjoint union 
of the Vi, and define ip : Y ^ G\X by iplvi = ipi- Then -i/; is a local homeomorphism 
and Y is locally compact and Hausdorff. 

Lemma 4.4. Suppose that X is a free Cartan G-space, and adopt the notation of the 
preceding paragraph. 

(1) The formula {g, x) ■ (x, y) = {g ■ x, y) defines a free left action of the groupoid 
G X X on X *Y = {(x, y) e X x Y : g(x) = ij{y)}. 

(2) The formula {g,x) ■ x = g ■ x defines a free and proper left action of the groupoid 
GxX onW := \_\^Ui. 

(3) There is a homeomorphism a : W ^ X *Y such that (g, x) ■ a{z) = a{{g, x) ■ z) 
for all g, x, z. 

Proof (1) Define p : X * F ^ (G x by p(x, y) = x. Then 

(G X X) * (X * F) = {{{g, x), (x', y)) : x = s{g, x) = p(x', y) = x'}. 

It is straightforward to check that the formula {g,x) ■ {x,y) := {g ■ x,y) defines a free 
action of G x X on the left of X * F. 
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(2) As earlier, for x G t/j C X, we write for the corresponding element of Ui C W. 
Define p' : W ^ {G x by p'{x') = x. Then 

{GxX)*W = UM9,x),x^) ■.{g,x)eGx U,}, 

and the formula {g, x) ■ := {g ■ x)* defines a free action of {G x X) on W. 
By Lemma 14. 1^ to see that the action is proper it suffices to verify that 

(f): {G X X)*W xW, {{g, x), x^) ^ {{g ■ x)\ x') 

is a homeomorphism of (G x X) * W onto a closed subset of W x W. 

Let r : X *g\x X —j- G be as in fl4.ip . Then r is continuous since X is a Cartan 
G-space. So </> : (G x X) *W ^ range?/' is invertible with continuous inverse 

(?/,x) f-^ ((r(x,?/),x),x). 

That the range of (f) is closed is precisely Lemma [4.21 (2) . 

(3) Define a : — )■ X * F by a(x*) = (x,gi(x*)). Clearly a is continuous and 
one-to-one with continuous inverse (x,gj(x*)) t— )■ x. To see that a is onto, notice that 
(x, I/) e X * F for 1/ G Vi if and only ii y = qi{x'^). That a is equivariant is a simple 
calculation: 

(c/, x) ■ a{x') = {g, x) ■ (x\ gi(x^)) = {g ■ x\ qi{x')) = a{g ■ x') = a{{g, x) -x'). □ 

Recall that under the relative topology 

RW = {iyi,y2)eYxY: ^(yO = ij{y,)} 

is a principal groupoid with range and source maps s{yi,y2) = y2, r{yi,y2) = yi, com- 
position (i/i,?/2) (1/2,1/3) = (z/1,1/3) and inverses (?/i,?/2)~^ = (z/2,1/1); ^(^) is etale because 
-0 is a local homeomorphism. We identify R(ip)^^^ with Y via {y,y) H- y. 

Theorem 4.5. Lei (G, X) 5e a free Cartan G-space. Then the transformation- group 
groupoid G x X is equivalent to the groupoid R{ip) described in the preceding paragraph. 
More specifically, resume the notation of Lemma \4.4\ CLnd define fibre maps p : X * F — )■ 
(G X X)(°) and a : X *Y ^ i?(V')(o) by 

p{x,y) = X and a{x,y) = y. 

Then the space X *Y is a {G x X)-R{il)) equivalence under the actions 

{g,x) ■ {x,y) = {g ■ x,y) and {x,y) ■ {y, z) = {x, z). 

Proof. We need to verify (l)-(3) of Definition 14.31 By Lemma 14.41 the left action of 
G X X on X * y is free and proper. It is easy to check that the right action of Rlip) on 
X * y is free and proper, verifying (1). 
To verify (2), we calculate: 

((^, x) ■ (x, y)) ■ {y, z) = {g- x, y) ■ {y, z) 

= {g-x,z) = {g, x) ■ (x, z) = {g, x) ■ ((x, y) ■ (y, z)) . 

It remains to verify (3). Since both p and a are surjective, we need only show that 
both induce injections. Suppose that p{x,y) = p{x',y'). Then certainly x = x'. Since 
ix,y),ix,y') e X *Y we have ipiy) = q{x) = ip{y'), so {x,y) = {x,y') ■ {y',y) with 
{y,y') G Ri'ip). Hence p induces an injection. Similarly, suppose a{x,y) = a{x',y'). 
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Then y = y'. Also, q{x) = ip{y) = q{x'), so there exists g & G such that g ■ x = x' . Thus 
{g, x) ■ (x, y) = {g ■ x, y) = (x', y) and {g, x) E G x X. Hence, a induces an injection. □ 

We now obtain an analogue of Green's beautiful theorem for free transformation 
groups: if G acts freely and properly on X then Gq{X) xi G and Gq{G\X) are Morita 
equivalent [201 Theorem 14]. If the action is only locally proper then G\X may not be 
Hausdorff, so that Gq{G\X) is not a C*-algebra — the groupoid C*-algebra G*{R{jp)) 
serves as its replacement in this case. 

Corollary 4.6. Suppose that (G, X) is a free Cartan transformation group. Then the 
transformation- group G* -algebra Gq{X) x G is Morita equivalent to the groupoid G*- 
algehra G*{R{il))). 

Proof. Since R{ip) is etale, R{ip) has a Haar systems given by counting measures. A 
natural Haar system for GxXisj/iX^^ixGX}, where yU. is a left Haar measure 
on G and 5^ is point-mass measure. So the {G x X)-R{ip) equivalence of Theorem 14.51 
induces a Morita equivalence of full groupoid C*-algebras by [321 Theorem 2.8]. Since 
G*{G X X) and Gq{X) xi G are isomorphic [33 Remarks on p. 59] the result follows. □ 

Let (G, X) be a free Cartan transformation group. Then Gq{X) x G is a Fell algebra 
by [23]. Since the property of being a Fell algebra is preserved under Morita equiva- 
lence by [25], G*{R{ip)) is also a Fell algebra. Alternatively, by [HI Theorem 7.9] a 
principal-groupoid G*-algebra is a Fell algebra if and only if the groupoid is Cartan in 
the sense that every unit has a wandering neighbourhood (see Definition 7.3 of [H]); it 
is straightforward to verify the existence of wandering neighbourhoods in R{ip). 

5. Fell algebras, the extension property and G*-diagonals 

In this section we show how to construct from a separable Fell algebra A a Morita 
equivalent G*-algebra G containing a diagonal subalgebra in the sense of [2B]- The 
bulk of the work is to show that diagonal subalgebras of separable Fell algebras can 
be characterised as those abelian subalgebras which possess the extension property. We 
start by verifying that the different notions of diagonals in non-unital G*-algebras which 
appear in the literature coincide. 

5.1. Diagonals in nonunital G*-aIgebras. Let A be a G*-algebra and B a G*- 
subalgebra of A. Recall that P : A ^ B is a conditional expectation if P is a linear, 
norm-decreasing, positive map such that P\b = id^ and P{ah) = P{a)b, P{ha) = hP{a) 
for all a G A and b E B. We say P is faithful if P{a*a) = implies a = 0. 

Remark 5.1. There are two other equivalent characterisations of a conditional expec- 
tation: 

(1) P : A — 7- i? is a linear idempotent of norm 1; 

(2) P : y4 — P is a linear, norm-decreasing, completely positive map such that 
P|^ = id^ and P(afe) = P{a)b, P{ha) = hP{a) for all a G A and 6 G P. 

Our definition above implies (1); that (1) implies (2) is in [H] (see, for example [TJ 
Theorem II. 6. 10. 2]), and (2) implies our definition since completely positive maps are 
positive. 
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Definition 5.2. Let A be a separable C*-algebra and let B be an abelian C*-subalgebra 
of A. A normaliser n of S in A is an element n & A such that n*Bn,nBn* C B; the 
collection of normalisers of B is denoted by N{B). A normaliser n is free if = 0; the 
collection of free normalisers of B is denoted by Nf{B). We say B is diagonal or that 
[A, B) is a diagonal pair if 

(Dl) B contains an approximate identity for A; 

(D2) there is a faithful conditional expectation P : A ^ B; and 

(D3) ker(P) =spaniV/(5). 

In [281 Definition 1.1], a pair {A,B) of unital C*-algebras is said to be a diagonal 
pair a 1b = Ia and (D2) and (D3) are satisfied, and a non-unital pair {A, B) is said 
to be a diagonal pair if the minimal unitisations form a diagonal pair [A, B) (recall we 
identify Ij^ with 1^). If A is unital then (Dl) implies that B contains the unit of A, 
so [251 Definition 1.1] and Definition 15.21 agree for unital A. We will use the next two 
lemmas to show in Corollary 15.61 that [251 Definition 1.1] and Definition 15.21 (which is 
the definition implicitly used in [27]) also coincide if A is nonunital. 

Lemma 5.3. Let A be a C*-algebra with C*-suhalgehra B and let P : A ^ B be a 
conditional expectation. Then P : A ^ B defined by P((a, A)) = (P(a),A) is also a 
conditional expectation. Moreover, P is faithful if and only if P is. 

Proof. Since P : A B is a. conditional expectation it is completely positive by Re- 
mark [5TTJ By [131 Lemma 3.9], P is also completely positive, and the proof of [T3l 
Lemma 3.9] shows that P is norm- decreasing. Since P(l^) = 1^ and since P is idempo- 
tent, P is an idempotent of norm 1 and hence is a conditional expectation by Remark |5. II 
Now suppose that P is faithful and that (a. A) G A'^ with P{a, A) = 0. Since P(a, A) = 
(P(a),A), we have A = and P(a) = 0. Since a G A"*" and P is faithful, a = also. 
Hence, P is faithful. Conversely, if P is faithful then so is its restriction P. □ 

Lemma 5.4. Let A be a C* -algebra and B an abelian C*-subalgebra of A. Suppose that 
B contains an approximate identity for A. Then n*n G B for all n G N{B). If, in 
addition, P : A ^ B is a conditional expectation, then P{n) = for all n G Nf{B). 

Proof. Fix n G N{B) and let {hi)i^i be an approximate identity for A contained in B. 
Then we have n*n = limjg/ n*bin G B. 

Now fix n G Nf{B). Set ak = {n*ny^''. A standard spatial argument using the polar 
decomposition of n shows that nak n. To see that P(n) = 0, it suffices by continuity 
to show that P{nak) = for all k. Fix k. Then 

P{nak) = P{n)ak = akP{n) = P{akn) 

since at G B and P is a conditional expectation. Since n G Nf{B), we have {n*n)n = 
n*n^ = and it follows that = {jfny/^n = 0. Hence, P{nak) = as required. □ 

Lemma 5.5. Suppose that {A,B) is a diagonal pair with expectation P : A ^ B. Let 
P : A B be the conditional expectation of Lemma 15.^/1 Then 

Nf{B) = {(n,0) : n G Nf{B)} and kerP = spanA^j(P). 
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Proof. Fix n G Nf{B) and (6, /i) G B. Then (n, 0)^ = and 

{n*,0){b,n){n,0) = {n*bn + fm*n,0) e B 

by LemmaEH Similarly, {n,0){b, fi){n* ,0) G B. Hence, (n, 0) G Nf{B), giving {(r;.,0) : 
n G Ar^(5)} C Nf{B). Now fix c = (n. A) G iVj(5). Since (n^ + 2An, A^) = = 0, we 
have A = and = 0. We now verify that n normalises B. Fix b E B. Then since 
(n, 0) G iV/(5) and (6, 0) G 5 we have 

(n*6n,0) = (ri,0)*(6,0)(n,0) G 5. 

Hence n*bn G -B. Similarly, nfen* G B. This proves Nf{B) = {{n,0) : n G Nf{B)}. 
Since (A, 5) is a diagonal pair, we have ker P = spa.nNf{B). Hence, 

kerP = {(a,0) : a G kerP} = span{{n,0) : n G iV/(P)} = spaniV/(P). □ 

Corollary 5.6. Let A be a nonunital C* -algebra and let B be an abelian C* -subalgebra 
of A. Then (A, B) is a diagonal pair in the sense of Definition \5.2\ if and only if {A, B) 
is a diagonal pair in the sense of [281 Definition 1.1]. 

Proof. First suppose that (A, B) is diagonal with conditional expectation P : A ^ B. 
We have 1^ G P by definition of the inclusion of B in A. Lemma 15.31 implies that 
P : A — J- P is faithful. Moreover, by Lemma 15.51 we have kerP = span7Vj(P). Thus 
(/1,P) is a diagonal pair in the sense of [2S1 Definition 1.1]. 

Conversely, suppose (A, P) is a diagonal pair, in the sense of [281 Definition 1.1], with 
conditional expectation Q : A ^ B. Since Q is faithful, P := Q\a is also a faithful 
conditional expectation, and Q = P. 

As in the proof of Lemma [5.51 if (n. A) G Nf{B), then A = and n G Nf{B). So 

N'f{B) ■.= {neA: (n, 0) G Nf{B)} C Nf{B). 

By assumption kerP = spa.nNf{B). By definition of P, we have kerP = {(a, 0) : a G 
kerP}. Hence kerP = spanA^j(P) C spaniVj(P). 

Fix an approximate identity {bi)i^i for P; we claim it is also an approximate identity 
for A. Since A = B + ker P and ker P = spanA'^y.(P), it suffices to show that nbi — )■ n 

for each n G iV}(P). Fix n G N'j{B). Since (n, 0) G A^/(P), we have (n*, 0)(0, l)(n, 0) = 

(n*n, 0) G P, so n*n G P. Since n*n6j — )■ ?T.*n, it follows that nbi ~^ ''^ also, so {bi)i^j is 
an approximate identity for A. 

Lemma [5.41 now gives spEnNf{B) C ker P, and hence kerP = spanA^j(P). □ 

Corollary 15.61 above ensures, in particular, that we may apply the results of [28] to 
our diagonal pairs, and we shall do so without further comment. 

5.2. Diagonals in Fell algebras and the extension property. Building on the 
seminal work of Kadsion and Singer [26], Anderson defined the extension property for a 
pair of unital C*-algebras [3l Definition 3.3] as follows. Let A be a unital C*-algebra and 
P a C*-subalgebra with 1^ G P. Then P is said to have the extension property relative 
to A if each pure state of B has a unique extension to a pure state of A (equivalently, 
each pure state of B has a unique extension to a state of A — this extension is then 
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necessarily pure). If B is abelian and has the extension property relative to A then B 
must be maximal abelian by the Stone- Weierstass Theorem [31 p. 311]. The converse is 
false: for example, Cuntz has shown that the canonical maximal abelian subalgebra of 
On does not have the extension property Proposition 3.1]; the next example shows 
this can happen even in a Fell algebra. 

Example 5.7. Let B = C([-l, 1]) and let G = {0, 1} act on [-1, 1] by ^ • x = {-lyx. 
Then the crossed product A = B xi G is generated by B and a self-adjoint unitary U 
which does not commute with B. That A is a Fell algebra follows from, for example, 
Lemma 5.10]. Moreover, 5 is a maximal abelian subalgebra of A. By [IHl Theorem 5.3] 
the spectrum of A is homeomorphic to {tt-i, TTijU (0, 1] where t„ — t- vti, 7r_i for t„ G (0, 1] 
if and only if t„ — )■ in M. In particular, 7r_i and tti cannot be separated by disjoint 
open sets. The VTj are one-dimensional representations determined by vrj(/) = /(O) for 
/ G 5 and iij{U) = j. Hence 7ri,7r_i are distinct pure states of A which restrict to 
evaluation at on 5. Thus 5 is a maximal abelian subalgebra but does not have the 
extension property. 

Let y4 be a unital C*-algebra, and let be -B be a maximal abelian subalgebra of A. 
Then B has the extension property relative to A if and only if there exists a conditional 
expectation P : A ^ B such that for each pure state h of B, the state h o P is its 
unique pure state extension to A [3l Theorem 3.4]. By Theorem 2.4] B, whether 
or not it is maximal abelian, has the extension property relative to A if and only if 
A = B + span [5, A] where [-B, ^] = {ba — ab : a & A, 6 G B}. The techniques used 
in the proof imply that the extension property is equivalent to the requirement that 
B + span[i?. A] be dense in A (if / is a state on A which restricts to a pure state on B, 
then f{ab) = f{a)f{b) = f{ba) for all a G A, 6 G -B and hence / vanishes on span[i?, A\). 

We use the following definition of the extension property for non-unital C*-algebras. 

Definition 5.8. Let B he a, C*-subalgebra of a C*-algebra A. As in [23 §2], we say 
that B has the extension property relative to A if 

(1) B contains an approximate identity for A\ and 

(2) every pure state of B extends uniquely to a pure state of A. 

By [251 Proposition 1.4], if (A, B) is a diagonal pair, then B has the extension property 
relative to A. 

Remark 5.9. (1) The extension property as presented in [3 Definition 2.5] seems 
slightly different to Definition 15. 8t in the former B is said to have the extension 
property relative to A if pure states of B extend uniquely to pure states of A 
and no pure state of A annihilates B. As noted in [TTI §2] these two definitions 
are equivalent: it follows from [U Lemma 2.32] that B contains an approximate 
identity for A if and only if no pure state of A annihilates B. 
(2) Let B be an abelian C*-subalgebra of a nonunital C*-algebra A. By [5l Re- 
mark 2.6(iii)] B has the extension property relative to A if and only if B has the 
extension property relative to A (and B is maximal abelian in A if and only if B 
is maximal abelian in A). Moreover, as in the unital case, B has the extension 
property relative to A if and only if B + span[i?, A\ is dense in A. 
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Notation 5.10. Let B be an abelian C*-subalgebra of a C*-algebra A, and suppose 
that B has the extension property relative to A. By the discussion above, B is maximal 
abelian and there exists a unique conditional expectation P : A B. Moreover, for 
each pure state h of B, the state ho P is its unique pure state extension to A. For this 
reason, we say that the extension property is implemented by P. The map a; ^-)■ x o P is 
a weak*-continuous map from the set of pure states of B (which may be identified with 
B) to the pure states of A. 

Of course x o P determines a GNS triple {nx, Hx,^^)- That is, ir^ is an irreducible 
representation of A on the Hilbert space Hr^, the unit vector C,x is cyclic vector for tt^, 
and xoP(a) = {'n'x{o-)^x I ^x) for all a E A. Let ijj = ipp : B ^ Ahe the map which takes 
X E B to the unitary equivalence class [kx] ^ A. We call ip the spectral map associated 
to the inclusion B G A. 

Since diagonal pairs have the extension property, it follows from the above that if 
{A, B) is a diagonal pair, then the conditional expectation from i? to A is unique. We 
use this frequently: given a diagonal pair {A,B), we will without comment refer to 
the expectation P : B ^ A and use that the extension property is implemented by 
X H- X o P. 

There is some overlap with Lemma [5.111 and [U Proposition 2.10]. 

Lemma 5.11. Suppose that A is a separable C* -algebra, let B be an abelian C*- 
subalgebra with the extension property relative to A implemented by P : A ^ B, and 
let ip : B ^ A be the spectral map. Suppose that tt is an irreducible representation of 
A such that t^{A) = ]C{Ht,). Then (i discrete countable subset of B, and 

there exist a listing {xx : A G A} of ip^^{{[7r]}) and a basis {^a : A G A} of H^, such that 
X\o P = {n{-)^\ I (^a) for all \ E A and 



A6A 

Furthermore, if A is liminary, then tp is surjective and P : A ^ B is faithful. 

Proof. We begin by identifying a basis {.^a : A G A} for iJ^ and points {xx : A G A} in 
B satisfying fl5.ll) . We then show that the Xx form a discrete set which coincides with 



We have 7r(P) maximal abelian in vr(y4) by 0, Corollary 3.2]. Since ti{A) = /C(if^), we 
have P/kervr = vr(P) = span{0g^^g^ : A G A} for some orthonormal basis {.^a : A G A} 
and A is countable because A is separable. Since each one-dimensional subspace 
spanj^A} is invariant under 7r(P), it determines an irreducible representation of B given 
by point evaluation at xx G B. The set {xx : A G A} is discrete because for each A there 
exists 6a such that n{bx) = Qc^,^^ which forces x^ipx) = for A 7^ /i. The formula (15. ip 
follows from the definition of the xx- 

^This standard fact follows from the Spectral Theorem. Specifically, the Spectral Theorem implies 
firstly that the C*-algebra generated by each self-adjoint T G JC{H) is equal to the C*-algebra generated 
by its spectral projections. So any abelian C*-subalgebra D of 1C{H) is spanned by commuting finite- 
dimensional projections. A minimal subprojection of any of these spanning projections then commutes 
with D. So if D is maximal abelian, then it is spanned by a maximal family of mutually orthogonal 
minimal projections on H . 



(5.1) 




for all b e B. 
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Fix A G A. Then for be B, 

i^mx I ^a) = ($^x,(6)e^^,5^(eA) I 6) = x,{b) = X, o Pit). 

Hence x\o P = {ti{-)^\ \ ^\) for all A G A by the extension property. Thus ip{x\) = [tt], 
and it follows that {xa : A G A} C ^"^({[vr]}). 

For the other inclusion, let x G ^/^"^({[Tr]}). Since the GNS representation associated 
to xoP is equivalent to vr, we may assume that xoP(-) = (7r(-),^ | ^) for some unit vector 
^ G Ht,. Using (15. ip we get 

= ^Xa(6) 1(^16)1' for all 6 G 5. 
AeA 

Suppose that there exist Aj such that | ^\^) 7^ for i = 1,2. Since {xx : A G A} is 
discrete we can find bi E B such that xxibi) = unless A = Aj. Now x{bib2) = but 

x{bMb2) = xxAbiM I ^x^)\'xxAb2m I a)r ^ 

which is impossible. It follows that there is precisely one A such that | .^a) 7^ 0, and 
hence that x = x\. Thus {xa : A G A} = ^/'""'^({[Tr]}). 

Now suppose that A is liminary and let vr be an irreducible representation of A. Then 
7r(y4.) = IC{Ht^), so the above argument shows that ^/'"^({[Tr]}) is nonempty. Therefore, 
i/j is surjective. It remains to prove that P is faithful. Fix a G A'^ \ {0}. There 
is an irreducible representation vr on a Hilbert space H^^ with 7r(a) 7^ 0. Then with 
{^A : A G A} and '?A~"'^({[7r]}) = {xx : A G A} as in the statement of the lemma we have 

vr(P(a)) = 5^XA(P(a))e5„5, = $^(vr(a)eA kA)e5„5, ^ 0. 
AeA AeA 

Hence P{a) 7^ and P is faithful. □ 

Lemma 5.12. Let A be a separable liminary C*-algebra and B an abelian C* -subalgebra 
with the extension property relative to A, and let tp be the spectral map. Let U be an 
open subset of B and let J = {b e B : y{b) = for all y e B \ U} < B . Let I = AJA 
be the ideal of A generated by J. Then 

(5.2) T={[n]eA:'K\j^O} = ij{U). 

Proof. Since / is generated by J, we have 

/ = p|{ker TT : [vr] G A, / C ker vr} = Pj{ker tt : [vr] G A, J C ker tt}, 

which gives / = {[tt] G A : 7r|j 7^ 0}. 

To prove that ip{U) C {[vr] G A : 7r| j 7^ 0}, let P be the unique conditional expectation 
from A to B. Fix x G f/, and let vr G ip{x). Since x & U = J, there is an element b ^ J 
such that x{b) 7^ 0. Since x o P is a pure state associated with tt there is a unit vector 
^ G such that x o P(a) = (vr(a)^ | ^) for all a & A. But x o P{b) = x{b) 7^ 0, so 
7r{b) ^ 0. Hence, ip{U) C {[tt] G 1 : it\j ^ 0}. 

To see that {[vr] G A : 7r|j 7^ 0} C ipiU), fix an irreducible representation vr of A 
with 7r(/) 7^ for some f E J. Since A is liminary, n{A) = )C{Ht^) so Lemma 15.111 
implies that '^/'"^([vr]) is a countable discrete set {xa : A G A} C P, and there is a basis 
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{^x : A G A} for if^ such that 7r{b) = XIasa ■^a(^)®5a,?a h E B. Since 7r(/) 7^ and 

J = U, there exists A G A such that xx G U and /(xa) 7^ 0. Thus [vr] = ?/'(xa) G ^{U). 
Hence {[tt] G 1: 7r|j 7^ 0} = □ 

The following lemma is used implicitly in the proof of f2E\ Theorem 3.1]. 

Lemma 5.13. Let A be a separable liminary C* -algebra and B an abelian C* -subalgebra 
with the extension property relative to A. Let ip be the spectral map. 

(1) Suppose that f,g & B^ have the property that the restriction of ip to supp / U 
supp(7 is injective. Then gAf C B. 

(2) If f,g G 5"*" have the property that the restrictions of ip to supp / and supp g are 
injective, then gAf C N{B). 

Proof. Let P : A ^ B he the unique conditional expectation. 

(1) Fix a E A and an irreducible representation tt : A — > B{Ht^). It suffices to show 
that 

(5.3) vr(P(^7a/)) = Tx{gaf). 

Since P is an expectation with f,g E P{A), we have P{gaf) = gP{a)f, so (15. 3p is 
trivial if 7r(/) = or n^g) = 0. So we suppose that 7i{f),n{g) 7^ and we verify that 
n{gaf) = 7r{gP{a)f). 

Since A is liminary, we may use Lemma [5.111 to obtain a listing ^({[vr]}) = {xx '■ 
A G A} and a basis {^x : A G A} of H^^ such that xx o P = {n{-)^x I (,x) for all A G A 
and 7r(6) = ^asa ^a(^)05a,5a b E B. Since ip{xx) = [vr] for all A, and since 

if) restricts to an injection on supp / U supp g there exists a unique A G A such that 
Xx G supp / U suppfif. Thus 7r(/) = Xx{f)Q^^,^^ and 7i{g) = xx{g)Q^;„^^- Hence 

7i{gaf) = {xx{g)Qi^,^^)7i{a){xx{f)Qi^,iJ = xx{g){7i{a)ix\ ix)xx{f)Qi^,^^ 
= xx{g)xx{P{a))xx{f)Q^,,^, = n{gP{a)f). 

So gaf = P{gaf) and hence gAf C B. 

(2) Fix a G v4 and set n := gaf . Then for every b E B we have n*bn = f {a* gbga) f G B 
by (1). Thus, n*Bn C B and symmetrically nBn* C i?. Hence, n = (^a/ G N{B). □ 

Our next result. Theorem 15.141 extends [271 Theorem 2.2] from continuous-trace C*- 
algebras to Fell algebras; indeed our proof follows similar lines. There is also some 
overlap with |H Proposition 3.3] and [HI Proposition 4.1]. Example 15.151 below shows 
that Theorem 15.141 cannot be extended to bounded-trace C*-algebras. 

Theorem 5.14. Let A be a separable Fell algebra and let B be an abelian C* -subalgebra 
with the extension property relative to A. Then 

(1) The spectral map tp is a local homeomorphism, and 

(2) (A, B) is a diagonal pair. 

Proof. (1) We must prove that ip is continuous, open, surjective and locally injective. 
Continuity follows from the observation that h- )■ 0oP is a weak*-continuous map from 
the state space of B to that of A. That ip is an open map follows from Lemma 15.121 and 
the surjectivity of ip follows from Lemma [5.111 
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To show that ifj is locally injective we argue as in [221 Theorem 2]. Suppose that ip 
fails to be locally injective at x G i?. Then there exist sequences (|/n)^i, {zn)^=i in B 
such that Un, Zn X and, for all n, y„ 7^ Zn and ip{yn) = V'(^n)- Let n G ip{x). Since A 
is a Fell algebra there exists a Hausdorff neighbourhood \^ of [tt] in A |6l Corollary 3.4]. 
Let / be the ideal of A such that I = V. Since V is Hausdorff, J is a continuous trace 
C*-algebra. Let U = ip~^{V) and let J be the ideal of B such that J = U. We have 
J C / by Lemma 15.121 

By Lemma 15. lit "^"^({[^l}) = {^^a : A G A} is discrete and countable, and there exists 
a basis {^x : A G A} of if^ such that n{b) = J2x£A^>^(^)^i\,Cx ^'^^ b E B. Choose 
b G Cc{B)~^ such that x{b) > and supp b C U. Since vr G ip{x), we have x = x^ for some 
fj, E A, and since '?A^^({[7r]}) is discrete, we may choose g G Cc{B)~^ such that xa(5') = 
unless A = /i. So vr(65f) is a positive multiple of 6^^,^^, so / := ^ lbg) ^9 ^ C'c(-B)''' satisfies 

^(/) = 0S.,S. and a;(/) = 1. 

We have supp(/) C supp(6) C f/, so / G J C /. Since / has compact support it 
belongs to the Pedersen ideal of / and hence is a continuous trace element in /. For 
each n, fix 7r„ G 'ipivn)- Since ^'{yn) — ^ ip{x) we have 

hm Tr (7r„(/)) = Tr (7r(/)) = Tre^,,^, = 1. 

n— !>oo 

But {nn, Zn} G 'ip~^{{'ip{yn)}), SO by Lemma [5.111 and the positivity of / we also have 

Tr (7r„(/)) > y„(/) + zM) ^ 2x(/) = 2, 

which results in a contradiction. Thus ip is a. local homeomorphism. 
(2) Since ip : B A is a. local homeomorphism by (1), the collection 

:= {U C B open : i/j\u is injective } 

forms an open cover of B. Since B is separable, B is second-countable and hence 
paracompact. It follows by [271 Lemma 2.1] (see also the Shrinking Lemma [371 Lemma 
4.32]) that there is a countable, locally finite refinement V := {Vn : n > 0} oi U such 
that Vi nVjy^d) implies Vi U Vj G U{ip). 

By definition of the extension property, B contains an approximate identity for A. 
Since A is liminary, we may apply Lemma 15.111 to conclude that P is faithful. By 
Lemma [5.41 we have Nf{B) C kerP, so it remains to show that every element in ker(P) 
may be approximated by sums of elements in Nf{B). 

By [371 Lemma 4.34] there exists a partition of unity subordinate to V; that is, there 
exists a sequence (/n)^o ^ such that supp /„ C Vn, < < 1 and ^^o-^(/") ~ ^ 
for all X E B. For each n >0, let (?„ = J2]=o fj- -^^^ a compact subset K of D, the local 
finiteness of V implies that K (iVj = ^ for all but finitely many j. Hence there exists 
n > such that gn{x) = 1 for all x E K. Therefore, {gn)'^=o is an approximate identity 
for B and hence for A. Fix a E A. Then gndgn cl and P{gnagn) = gnP{(i)gn for all n. 
Fix X E B. Since x{fi)x{fj) = whenever x ^ fl Vj, we obtain 

X o P{gnagn) = x{gnP{a)gn) = ^ x{fi) {x o P{a))x{fj). 

{0<i,j<n:xeVinVj} 
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Hence 

P{9nagn) = fiP{a)fj. 

Suppose that Vif^Vj ^ 0. Then ViUVj E U{ip), so iplviUVj is injective, and Lemma 15.131 
gives fiafj e B. Hence fiP{a)fj = P{fiafj) = fiafj and we have 

P (gnagn) = ^ fiafj, and 

{0<i,j<n:VinVjm 

(5.4) 

[I - P){gnagn) = Y fiafj. 

{O<jj<n:VinV,=0} 

Suppose now that a G kerP. Then Qnagn G kerP. Since gnagn — ^ a, it suffices to show 
that gnagn may be expressed as a sum of free normalisers. Using (15. 4p and P{gnagn) = 
we have 

gnagn = ^ fiafj. 

{0<i,j<n:VinVj=d} 

Since ip\v,, is injective and supp C Vk for all k, Lemma [5.131 gives fiafj G N{B). If 
VinVj = 0, then /j/^ = so that [fiafjY = 0. Thus fiafj G Nf(B) as required, and 
(A, P) is a diagonal pair. □ 

We now give an example of a bounded-trace C*-algebra A with a maximal abelian 
subalgebra P such that [A, B) has the extension property but is not a diagonal pair. 
Thus Theorem 15 .141 cannot be extended from Fell algebras to bounded-trace C*-algebras. 

Example 5.15. Let C := {/ g C([0, 1], Ms) : /(O) G C/s}, and let P be the subalgebra 
of C consisting of functions / such that each f{t) is a diagonal matrix. Then C is a 
bounded-trace algebra, but is not a Fell algebra, and D is an abelian C*-subalgebra. 
Each pure state of P has the form d i— >■ d{t)i^i for some t G [0, 1] and i G {1, 2}, and then 
c I—)- c(t)j,j is the unique extension to a pure state of C, so P has the extension property 
relative to C. 

For t > 0, let Ut := {^^^i^/.t TsaS ) ^ ^2(C). Define a G Aut(C) by 



Let 



sm(l/t) cos(l/t) 

\tf{t)ul ift>0 
/(O) ift = 0. 



A:=M.(C) and P := { ( a(°,) ) ^ ^ 

Then A is not a Fell algebra but has bounded trace; P is abelian, and P has the extension 
property relative to A because each of P and a{D) has the extension property relative 
to C. The unique faithful conditional expectation P : A — P is given by 



aSa"' 



P :-- 



where is the canonical expectation from C onto P: 0(c) (t) = ('^^q''*^ C2 2(t))' 

We claim that P is not diagonal in A. First observe that if n is a normaliser of P 
in C, then there exists A(n) G C such that n(0) = \{n)l2 by definition of C. Hence 
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the off-diagonal entries of n(t) go to zero as t goes to zero. Since n is a normaliser, 
for t > the matrix n(t) is either diagonal, or a linear combination of the off-diagonal 
matrix units. In particular, if n(0) 7^ then by continuity, n{t) is diagonal for t in some 
neighbourhood of 0. If n is a free normaliser, then each n(t)^ = 0, and it follows from 
the above that n(0) = 0. 
Now suppose that 



n2,i n2,2 

is a normaliser of B. We claim that ni,2(0) = 0. Note that for t > 0, each of ni^i{t), 
u*n2,2{'t)ut is a normaliser of D(t) and each of ni^2it)ut, and M^n2,i(t) is a normaliser of 
D{t) in C(t). Suppose for contradiction that 71-1,2(0) 7^ 0. Since 71-1,2(0) is diagonal, there 
exists e such that for t < e, both ||ni_2(t) II > ||ni,2(0)||/-\/2 and |(ni,2(t))i,j| < ||ni,2(0) ||/2 
for i 7^ j. Choose to < ^ such that Ut^^ = ( i/vl)' ^^^^^ ^^1,2(^0) 

normaliser 

of -D(to), it is either diagonal, or a linear combination of off-diagonal matrix units, and 
since to < there is an entry of ni,2(to)Mjo with modulus at least ||ni,2(0)||/-\/2. It 
follows by choice of Ut^ that ni,2(to) = (ni,2(0)Mto)Mj^ has at least one off-diagonal entry 
of modulus greater than (||ni,2(0) ||/-\/2)(l/\/2) = ||ni,2(0)||/2, contradicting the choice 
of e. Hence ^1,2(0) = as claimed. 
The function / : [0, 1] — )■ M4 given by 

belongs to ker(P) C A. But /(0)i,2 7^ 0, so / is not in the closed span of the normalisers 
of B in A, and hence is not in the closed span of the free normalisers. In particular B 
is not diagonal in A. 

We will show that every separable Fell algebra is Morita equivalent to one with a 
diagonal subalgebra; to do this we need: 

Lemma 5.16. Let A be a separable Fell algebra. Then there exists a countable set of 
abelian elements of A which generate A as an ideal. 

Proof. By Lemma IXTl for every irreducible representation n oi A there exists an abelian 
element a^r of A such that 7r(a7r) 7^ 0. For each tt, the set [/^r := {[cr] E A : cr(a^) 7^ 0} 
is an open neighbourhood of [vr] in A. Since A is separable, the topology for A has a 
countable base [161 Proposition 3.3.4]. So there exists a countable subset S := {a^r^ : 
i e N} such that {U.„- : z G N} is an open cover of A. Let / be the ideal generated 
by S. Since cr^a.^-) 7^ when [cr] G U.„-, it follows that 7r|/ 7^ for every irreducible 
representation it of A. Hence I = A. □ 

Theorem 5.17. Let A be a separable Fell algebra, and let {ai : i G N} G A be a set of 
abelian norm-one elements which generate A as an ideal. Let /C = /C(£^(N)), and denote 
the canonical matrix units in JC by {Qij '■ i,j G N}. Set 

00 ^ 

a := -ai ^ Qii e A (g) K. 
1=1 

Then 
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(1) The hereditary subalgebra C := a{A ® IC)a generated by a is Morita equivalent 
to A; and 

(2) D := ^^^^CLiAai ® Qa is a C* -diagonal in C; and 

(3) the conditional expectation P : C ^ D is given by P{c) = 0.(l®©ii)c(l®©ii). 

Proof. For (1), it suffices to show that C is full or, equivalently, that {A (g> }C)a{A ® /C) = 
A® K,. Since A is generated by the a,, it suffices to show that for all i,j, A; G N 

ai ® Qjk e {A® K:)a{A® IC). 

Fix i,j, k eN and let (eA)A6A be an approximate identity for A. Then 

ai®Qjk = i lim(eA ® Qji)a{e\ ® ©jfc) G (A ® lC)a{A ® K.) 

as required. 

For (2), ffist observe that D is commutative because each is an abelian element. 
Since A is a Fell algebra so is C. So by Theorem I5.14[ to see that D is diagonal in C, 
it suffices to prove that D has the extension property relative to C. By Remark 15.9( 2). 
it is enough to show that D + span[L', C] is dense in C. 

Sums of the form 

n 

djhjkO'k ® Qjk, 

j,k=i 

with bjk G A, are dense in C. It therefore suffices to show that elements of the form 
djbjkdk ® Qjk with i ^ k may be approximated by elements in [D,C]. Fix c := 

ajbjkttk ® Qjk with j 7^ k. For n G N, let dn '■= a^/^ ® Qjj G -D. Since a^^aj — > as 
n — )■ oo, 

c] = (i„c - cd„ = ay^ajbjkak ® 0jfc ^^^^ ajbjkttk ®Qjk = c. 

Hence c may be approximated by the commutators [(i„,c], and so -D + span[D,C] is 
dense in C. 

For (3), observe that the formula given for P determines a norm- decreasing projection 
of C onto D. This is then a conditional expectation by Remark 15.11 and is the unique 
expectation from C to D as discussed in Notation 15.101 □ 

6. Fell algebras and twisted groupoid C*-algebras 

In [28l Theorem 3.1] Kumjian showed that if {A^B) is a diagonal pair, then A is 
isomorphic to a twisted groupoid C*-algebra. Here we combine this with the results of 
Section [S] to show that up to Morita equivalence every Fell algebra arises as a twisted 
groupoid C*-algebra, and conversely determine for which twists the associated twisted 
groupoid C*-algebra is Fell. We start with some background from [281 §2]- 

A T-groupoid F is a locally compact, Hausdorff groupoid F equipped with a free range- 
and source-preserving action of the circle group T such that (ti-7i)(t2-72) = (^1^2) ■ (7172) 
whenever (71,72) is a composable pair in F. The quotient groupoid F/T is Hausdorff 
because T is compact. 

Recall that a sequence K^^^ K G H oi groupoids is exact if g is a surjective 
groupoid homomorphism which restricts to an isomorphism of unit spaces, and i is an 
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isomorphism of K onto ker(g) = {g ^ G : q{g) G H^^"^}. A topological twist or just twist 
is a T-groupoid V such that there is an exact sequence 

r(o) ^ r(°) X T ^ r 4 i? 

of groupoids in which i? is a principal, etale groupoid (a relation in the terminology of 
|28j). Note that F'^^^ = We often abbreviate the exact sequence to F — )■ i?. Twists 
Fi ^ and V2^R over the same relation R are isomorphic if there is a T-equivariant 
isomorphism vr : Fi — !■ F2 such that ^2 ° = gi; we call vr a twist isomorphism. A 
twist F A -R is said to be trivial if q has a continuous section which is a groupoid 
homomorphism. A trivial twist over R is isomorphic to the cartesian-product groupoid 
i? X T |28l Remark 4.2]. 

We outline in the appendix the construction of the twisted groupoid C*-algebra 
C*(F;i?) associated to a twist, and also prove there that the C*-algebra of a trivial 
twist is isomorphic to the reduced groupoid C*-algebra C*{R) of R. In brief, C*(F; R) 
is a C*-completion of the collection of Cc(F; R) of compactly supported T-equivariant 
functions on F; the closure of the algebra of sections in Cc(F; R) which are supported on 
T-F° can be identified with Co(T^^^), and restriction of functions extends to a conditional 
expectation P : C;(F; R) CoiT^^^). 

For our classification theorem, a key tool will be the following theorem, proved in |28j . 

Theorem 6.1. Theorem 3.1]) Let A be a separable C*-algebra with diagonal B, 
and letY := B. Then there exists a twist T ^ R, a homeomorphism (p :¥ ^ T^^\ and 
an isomorphism tt : A — )■ C*(F; R) such that the following diagram commutes. 

B Co(FW) 

(6.1) c c 

A C:(T;R) 

Since we need the details below, we now sketch the construction of the twist F from a 
unital diagonal pair {A,B) given in [281 Theorem 3.1]; Remark 16.21 below explains how 
the construction works for nonunital diagonal pairs. Let Y = B and set 

To = {{a,y)eN{B)xY:y{a*a)>0}. 

For y eY we continue to write y for the unique state extension to A, and then for each 
{a,y) E Fq, we define [a,y] : A C by [a,y]{c) = y{a*c)y{a*a)~^/'^ . Then each [a,y] 
belongs to the dual space A* of A, and the following are equivalent: (1) [a, y] = [c, y]; 
(2) y{a*c) > 0; (3) there exist hi, b2 E B with |/(fei), 1/(62) > such that abi = 062- Set 

(6.2) T:={[a,y]:{a,y)ETo}cA*. 

Define a T-action on F by scalar multiplication: t- [a, y] = [ta, y'j ; this agrees with scalar 
multiplication on A* but not with the convention used in [HI §5]. 

By [281 Proposition 1.6], for each a E N{B), there is a homeomorphism 

aa-{y^y ■■ yia*a) > 0} ^ {y E Y : y{aa*) > 0} 

such that y{a*ba) = cra{y){baa*) for all b E B and all y in the domain of aa. The set F, 
with source and range maps defined by s{[d,y]) = y and r{[d,y]) = crj^{y), and partial 
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multiplication defined by [a, (Jc{y)] [c, y] = [ac, y], is a T-groupoid. The quotient groupoid 
i? = r/T is a principal etale groupoid, and F — i? is a twist satisfying the requirements 
of Theorem 16.11 The class of this twist is the negative of the one constructed in [HI §5] . 

Remark 6.2. The construction outlined above is for unital diagonal pairs {A, B). How- 
ever, as mentioned in the proof of [281 Theorem 3.1], the construction may be applied 
to nonunital pairs as follows. When (A, B) is a nonunital diagonal pair, one applies the 
above construction to the diagonal pair (A, B) to obtain a twist T ^ R with unit space 

rw = ^w = 5u{oo}. 

It is straightforward to see that i? C F^'^^ is an open invariant subset, so we may restrict 
both F and R to B to obtain a twist F — )■ i?. It is routine to check that C*(F; R) may 
be identified with an ideal / < C*(F;i?) = A for which the quotient is isomorphic to 
C*(T; {1}) = C. Hence I coincides with A < A, and it is clear from the construction 
that this identification takes / fl Co(r^'^^) = Cq{T^^^) to B. In particular, there is an 
isomorphism it : A ^ C*{r; R) which makes the diagram fl6.1l) commute. 

We claim that F is still described by (16. 2p . This is not obvious right off the bat: by 
definition the elements of F are of the form [n, x] where n is a normaliser of B in A, 

and X belongs to B C B. So we must show that if n = (n'. A) G A normalises B and 
X G s{n) \ {oo}, then [n, x] = [(m, 0), x] for some normaliser m of 5 in A. 

Fix u G F*^*^^. Then u has the form [bQ,x] where G B~^ and x E B. Moreover, if 
X 7^ oo, then there exists b G B~^ C B~^ such that b{x) > 0, and then [b,x] = [bo,x]. 

Now for any n G N{B) C A and any x E {y E B : y{n*n) > 0}, we can express 
s([n, x]) = [b,x] where b E B C B, and then [n,x] = [n,x][b,x] = [nb,x]. We have 
nb E A because A is an ideal in A, and nb also normalises B: for c E B, 

(6.3) {nb)*c{nb) = b*{n*cn)b and {nb)c{nb)* = n{bcb*)n* , 

and both belong to B because n normalises B and A is an ideal in A. 

Proposition 6.3. Let {A, B) be a diagonal pair such that A is a separable Fell algebra, 
and let r ^ R be the twist constructed from [A, B) as above. Let ip : B A be the 
spectral map. Then for x,y E Y , there exists a E R such that r{a) = x and s{a) = y 
if and only if ip^x) = ip{y). Furthermore, the map a i— )■ (r(a),s(a)) is a topological 
groupoid isomorphism from R onto R{ip). 

Proof. Let P be the conditional expectation from A to B. Recall that for x E B, we 
have 'ijj{x) = ipp{x) = [tt^] where {tIx, Hx^^x) is the GNS triple associated with the pure 
state X o P; so we have x o P(a) = (vr^.(a)^^ | ^^.) for all a G A (see Notation 15. 101) . 

First fix a G -R, and let x = r(a) and y = s{a). By definition of i? = F/T, there 
exists n E N{B) such that y{n*n) > and x = Cniy). By scaling n we may assume 
that y{n*n) = 1. Since n*n E B it follows that for b E B, we have y{b) = y{b)y{n*n) = 
yiprfn). So by definition of (T„, we have x{b) = y{n*bn) for all b E B. Since y{n*n) = 1, 
the vector rjy := 'n'y{n)^y has norm 1. Now x{b) = y{n*bn) = {jy{b)rjy \ rjy) for all b E B. 
Since B has the extension property relative to A, x o P and a H- {TTy{a)riy \ rjy) coincide 
on A. Hence, iTy and tt^ are unitarily equivalent, whence il){x) = ip{y). 
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Conversely, suppose ipi^x) = ipiy). Then the GNS representations and Hy are uni- 
tarily equivalent, so there is an irreducible representation tt : A — >■ B{H) and unit vectors 
^,r]e H such that y{P{-)) = {n{-)^ \ and x(P(-)) = {n{-)v I v)- Since 7r(A) = }C{H), 
there exists a G A such that 7r(a) = 6r),|- Since A is a Fell algebra. Theorem 15.14( 1) 
implies that is a. local homeomorphism, so there exist open neighbourhoods U of y 
and V of X such that ip\u and iplv are injective. Fix and norm-one positive functions 
f,g with compact support such that supp(/) C U, supp(5') C V, and f{y) = g{x) = 1. 
Then 7r(/)^ = ^ and TT{g)T] = rj. Let n := gaf. Then y{n*n) = {irigaf)^ \ 7T{gaf) ^) = 
(?7 1 r/) = 1 and y{n*hn) = {7i{b)'7i{gaf)^\7i{gaf)^) = x{h) for all b E B. Lemma [5.131 
implies that n G N{B), so a := q{[n, y]) E R with r(a) = x and s{a) = y. 

It remains to prove that the map T : a i— )■ {r{a), s{a)) is a homeomorphism. It 
follows from the above that T is surjective, and it is injective since R is principal. It is 
continuous because the range and source maps are continuous from R to Y. We must 
now show that T is open. For this, fix a = g([ao,x]) G R. Fix neighbourhoods Uq of 
(Jao{x) and Vo of X in i? such that ipluo and ip\vo are homeomorphisms, and fix 6, c G B~^ 
with suppfe C Uq and suppc C Vq such that b{aaQ{x)) = c{x) = 1. As in (16.31) . the 
element a := baoc is a normaliser of B, and 

U ■.= {yeB : aa*{y) > 0} C Uq and V := {y E B : a*a{y) > 0} C Vq. 

Hence [a,x] = [ao,x], so W := {q{[a,y]) : y E V} is an open neighbourhood of [a,x] 
(see [281 page 982]). Since ip{aa{y)) = ip{y) for all y, and since is injective on U and 
y, we have T{W) = U = {U x V) (1 R{ip)i and hence T{W) is open in the relative 
topology. So each a E R has a neighbourhood W such that T(Vr) is open, and it follows 
that T is open. □ 

The following is a rewording of [2B1 Definition 5.5]. 

Definition 6.4. Twists Fj — )■ i?j (z = 1, 2) are equivalent if there exist a twist F — )■ i? 
and maps Li : Ri ^ R such that 

(1) each f/j := Li{Ri ) is a full (see page|2]) and open subset of 

(2) = f/i U ?72, and 

(3) each is an isomorphism onto UiRUi and the puUback i*(F) is isomorphic to Fj. 
We call F — 7- i? a linking twist. 



The following lemma will be used in the proof of Theorem 16.61 below. 

Lemma 6.5. Let {Ci,Di) and {C21D2) he diagonal pairs and suppose that Ci and C2 
are separable Fell algebras. Then Ci and C2 are Morita equivalent if and only if the 
associated twists obtained from Theorem \6.1\ are equivalent. 

Proof. For the "only if implication, let X be a Ci-C2-imprimitivity bimodule, and let 
L be the associated linking algebra. Let qi,q2 E M{L) be the multiplier projections 
such that qiLqi = Ci and qiLq2 = X, and identify the Ci and X with subsets of L under 
these isomorphisms. By Proposition 5.4], it suffices to show that D := Di ©D2 is a 
diagonal in L. Since L is a Fell algebra, by Theorem 15. 141 it suffices to show that D has 
the extension property relative to L. Let x be a pure state of D. Since D = DiU D2, x 
is a pure state of for either i = 1 or i = 2 (but not both) and thus extends uniquely 
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to a pure state of Cj = qiLqi because {Ci,Di) is a diagonal pair. Since all states extend 
uniquely from hereditary subalgebras [351 Proposition 3.1.6], x has a unique extension 
to L, so D has the extension property relative to L as required. 

The "if" implication is Proposition 5.4]. □ 

Theorem 6.6. (1) Suppose that A is a separable Fell algebra. Then there exists a 
locally compact, Hausdorff space Y , a local homeomorphism ip : Y ^ A and a 
T-groupoid T such that 

Y ^Y xT ^ R{ij) 

is a twist, and the twisted groupoid C* -algebra C*(r; R{ip)) is Morita equivalent 
to A. Moreover, any two such twists are equivalent. 
(2) Let Y be a locally compact, Hausdorff space, X a locally compact, locally Haus- 
dorff space, and ip : Y ^ X a local homeomorphism. Let F— j-FxT— j-F— )■ 
R{ip) be a twist such that F is second- countable. Then A := C*{r; R{ip)) is a 
Fell algebra. Let B := Cq{Y), and identify B with a subalgebra of A with condi- 
tional expectation P : A ^ B as on page W(K Then there is a homeomorphism 
h : X ^ A such that ho ip = ipp. 

Proof. (1) Let A be a Fell algebra. By Theorem 15. 171 there exists a diagonal pair [C, D) 
such that C is Morita equivalent to A. Let Y = D. By Theorem 16.11 there is a twist 
y— S-FxT— i>F— j-i? such that C is isomorphic to C*(F; R) via an isomorphism which 
carries D to Co(F^'^^). By Proposition 16.31 R = R{ip), where ip : Y C is the spectral 
map. Hence A is Morita equivalent to C*(F; R{jp)). 

Now suppose that — >■ x T — )■ F' — )■ R{ip') is another twist such that A is Morita 
equivalent to C^iT'; Rif))). Let (Ci,Di) = {C^iT; R{ij))),Co(Y)) and (^2,^2) = 
{C*(T'; R{ip'))), Co{Y')). Then each Ci is Morita equivalent to A. So Lemma 16751 implies 
that the twists are equivalent. 

(2) The pair {A, B) satisfies (D2) and (D3) by Theorem 2.9 of [2S] and that it satis- 
fies (Dl) is shown in the appendix, so {A, B) is a diagonal pair. We will show that for 
each y & Y there exists fy G Cq{Y) such that fy is abelian in A and y{fy) > 0, and then 
use Theorem 13.31 to see that A is a Fell algebra. 

Fix y &Y. There exists a neighbourhood UoiyinY such that iplu is injective. Let 
fy e Cc{Y) be a positive element of A with support contained in U such that fy{y) 7^ 0. 
To see that fygfy € Cc{Y) for any g in the dense subalgebra Cc(F; R) of A, we identify 
fy, g with sections of the complex line bundle L over R as outlined in the Appendix. 
Note that fy has support in R^^\ A straightforward calculation yields 

fydfyip) = fy{r{p))g{p)fy{s{p)) 

for p e R{^p). Now let p = (1/1,1/2) e supp fygfy. Then i/;(?/i) = 1/^(1/2) and ?/i,?/2 e 
supp /y C U gives yi = 1/2, so p is a unit. Thus fygfy G Cc{Y). In particular, the 
hereditary subalgebra fyAfy is contained in Co{Y), hence is abelian. Thus fy is abelian 
in A and y{fy) > as claimed. 

For each y ^ Y, set ly := AfyA. Then each ly is Morita equivalent to the abelian 
algebra fyAfy by Lemma 13. 2[ Let J be the ideal of A generated by the ly (this ideal 
is also the C*-subalgebra of A generated by the ly), and let / = J fl Co{Y), so / is an 
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ideal of Cq(Y). Then I is the set of functions vanishing on some closed subset Kj of Y. 
But for each y & Y, we have fy & I and y{fy) 7^ 0. Hence Kj = 0, that is J = Co{Y). 
In particular, Co(Y) C J. Since Co(^) is diagonal in A, it contains an approximate 
identity for A, so A is generated as a C*-algebra by the ly. Theorem 13.31 now implies 
that y4 is a Fell algebra. 

It remains to prove that there is a homeomorphism h : X ^ A such that hoip = ipp. 
We have R{ip) = R{ipp) by Proposition 16.31 Given y, y' G Y, we have 

y,y'e^~\{x}) ^ {y,y') e R{^) = R{^p) ^ ^p{y) = ,pp[y'). 

It follows that the assignment 

X H- ^Jpiy) where y G ip'~^{{x}) 

gives a well-defined injective function h : X ^ A such that h o ijj = ijjp. Since A is 
liminal ipp is surjective by Lemma [5. Ill so hoip = ipp implies h is surjective. Moreover, 
that hoip = ipp and that ip, ipp are local homeomorphisms implies that h is continuous 
and open. Thus /i is a homeomorphism. □ 



7. A DiXMIER-DOUADY THEOREM FOR FELL ALGEBRAS 

Recall that a sheaf of abelian groups over a topological space X is a pair {B, it) where 
S is a topological space and vr : i? — )■ X is a local homeomorphism such that for each 
X & X the fibre := 7r~^{{x}) is an abelian group. Of particular importance are 
the constant sheaf T^x over X whose every fibre is Z, and the sheaf Sx of germs of 
continuous T- valued functions on X (see Notation 17. 31 for details). When the base-space 
X is clear from context, we will often suppress the subscript, and denote these Z and S 
respectively. 

Our strategy for defining an analogue of the Dixmier-Douady invariant for a Fell alge- 
bra A is as follows. We first choose a twist F — )■ i? whose C*-algebra is Morita equivalent 
to A. The results of [22] show that F determines an element of a twist group associ- 
ated to R and that this in turn determines an element of the second equivariant-sheaf 
cohomology group H^{R,S). We show that H^{R,S) = H^{A,S) to obtain an element 
S{A) of H'^{A,S) which we regard as an analogue of the Dixmier-Douady invariant for 
A. The bulk of the work in the section goes towards proving that this assignment does 
not depend on our choice of twist F — )■ _R. 

We recall [221 Definition 0.6]. Let G be an etale groupoid and B a sheaf over 
An action of G on i? is a continuous map a : G * B :={{'-/, b) : '~f & G,b & -^^(7)} ~^ B, 
(7,6) I—)- a^{b) such that each : 5(3(7)) ~^ -^(^(t)) is an isomorphism of abehan 
groups and a^^^j = '^71 °'^72 when (71, 72) G G^'^\ It is common practice to suppress the 
a and write 76 for aj{b), and we shall do so henceforth. A sheaf B over with such 
an action is called a G-sheaf. A G-sheaf morphism / : i?i — )■ S2 is a sheaf morphism 
such that 7(76) = "yfib) for 7 G G and b & B. We will frequently regard the sheaves 
'Lq(o) and Sq(o) as G-sheaves with trivial action. 

Fix a topological groupoid G, a locally compact, Hausdorff space F, and a continuous 
open surjection : "K — )■ G^''^ As in [291 §0-5], we may construct a groupoid G"^ with 
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unit space (G^Y'^^ = Y as follows: 

G"^ := {ix,g,y) : x,y eY,g E G,ip{x) = r{g) and i>{y) = s{g)}, 
with structure maps 

rix, g, y) = x, s(x, g, y) = y, (x, g, y)~^ = {y, g~^, x), and 

ix,g,y)iy,h,z) = {x,gh,z), 

and with the relative topology inherited from the product topology onYxGxY. We 
identify Y with the unit space {G"^)^^^ via the map x h-> (x,ip{x),x). There is then a 
groupoid homomorphism tt^ : G^ — > G given by 

(7.1) Tr^{x,g,y) = g. 

For the next result, recall the definition of a groupoid equivalence from Definition 14.31 

Lemma 7.1. Let Gi and G2 he second- countable, locally compact, Hausdorff groupoids, 
and let {Z,p,a) be an equivalence from Gi to G2- Then for each {x,g,y) G Gf, there 
exists a unique element uj{x, g,y) e G2 such that 

X ■ uj{x,g,y) = g-y. 

Moreover, the map u is a homomorphism from Gi to G2, and Vlp^j : {x,g,y) ^ 
{x,u{x, g,y),y) is an isomorphism from G^ to G2- 

Proof. Fix (x, g, y) G G^. Then p(x) = r{g) = p{g-y). Since p induces to a bijection from 
Z/ G2 to G^i^ , it follows that x and g-y belong to the same G2-coset. Since Z is a principal 
(j2-space, there exists a unique element u{x,g,y) G G2 such that a{x) = r{uj{x, g,y)) 
and X ■ u{x,g,y) = g-y. 

Since a is Gi-invariant, we have a{y) = a{g - y) = a{x - u{x,g,y)). In particular, 
a{y) = s{u!{x, g,y)), and hence {x,u!{x, g,y),y) G G2- An argument symmetric to that 
of the preceding paragraph shows that g is uniquely determined by uj{x,g,y) and the 
formula x ■ uj{x, g,y) = g ■ y. Hence Qp^a is a bijection. 

To see that a; is a homomorphism, we first check that it maps units to units and 
that it intertwines the range and source maps. This will imply that u maps composable 
pairs to composable pairs. Let (x,p(x),x) G {GlY^\ Since x ■ a{x) = p(x) ■ x we 
have a;(x, p(x), x) = cr(x); so u preserves units. For {x,g,y) G G^, we see as above 
that r{u{x, g,y)) = a{x) and s{uj{x, g,y)) = <7{y). Thus, u maps composable pairs to 
composable pairs. Now let (x, g, y), {y, h, z) G be a composable pair; then 

X - uj{x, g, y)uj{y, h,z) = g-y- uj{y, h, z) = g - {h - z) = (gh) - z, 

so the uniqueness assertion of the first paragraph implies that 

^{x,g,y)uj{y,h, z) = uj{x,gh, z) = u{{x, g,y){y,h, z)). 

Hence, a; is a homomorphism. 

It is immediate that f2p g. preserves composable pairs. So to see that f2p g. is also a 
homomorphism, we calculate 

^P,aix, g, y)VLp^^{y, h, z) = (x, w(x, g, y), y){y, uj{y, h, z), z) 

= (x, w(x, g, y)u{y, h, z),z) = fip,^(x, gh, z). 
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The map fip o. is continuous because the structure maps on the groupoid equivalence 
Z are continuous. Reversing the roles of G\ and G2 in the above yields a continuous 
inverse = fig-^p, so fip.o- is a homeomorphism. □ 

Let ■?/; : y — > C-^^ be a local homeomorphism as before, and let vr^ be the pullback 
functor from the category Sh(G') of G-sheaves to the category Sh(G"'') of G"^-sheaves. So 

7r;(i?) = {(y,6):yGF,6Gi?,^(,)}, 

and for a morphism / : _Bi — )• i?2 of G-sheaves, 7i^{f){y, h) = {y, f{h)). Let R{iIj) be the 
equivalence relation on Y induced by ip. We may regard R{ip) as a subgroupoid of 
by identifying it with {(x, il){x), y) : (x, y) G -R(^/')}. Hence, for a C^-sheaf -B the action 
of on 5 restricts to an action of R{ip) on B. 

By [221 Theorem 0.9], tt^ is a category equivalence between Sh(G) and Sh(G'^). Indeed, 
the proof of [291 Theorem 0.9] shows that the "inverse" functor F"^ is defined as follows. 
For a G^'-sheaf B, F'^{B) is the quotient sheaf B/R{iIj) G Sh(G). Since morphisms 
between G-sheaves are equivariant maps, each morphism / of G'^'-sheaves descends to a 
morphism F^{f) of G-sheaves. Specifically, [(?/,&)] H- 6 is a natural isomorphism from 
F"^ o TT^ to idsh(G), and (y, [c]) H- c is a natural isomorphism from vr^ o F'^ to idshj-^'^). 
Moreover vr^,(^G(o)) is isomorphic to Zy. 

Lemma 7.2. Lei G he a groupoid, and let U he a full open suhs et of G(°) , and let 
Lu '■ UGU G he the inclusion map. The functor : Sh(G) — ?■ Sh(f/Gf/) is an 
equivalence of categories such that the UGU -sheaves il/C^m) and are isomorphic. 

Proof. It is straightforward to verify that GU is a G-U GU equivalence under the struc- 
ture maps p := r\Gu and a := s\gu inherited from G. Hence Lemma [7.11 provides an 
isomorphism Q^^p from {UGUy to G^, and hence an equivalence of categories fi* ^ from 
Sh(G'') to S\\{{UGUY). Composing with the category equivalences vr* and F"^ discussed 
above, we obtain an equivalence of categories F°"f2*^^7r* : Sh(G) — )■ Sh(f/Gf/). We show 
that lIj is naturally isomorphic to FTl^ pii*. It then follows that 6^ is also an equivalence 
of categories. 

Fix B G Sh(G). Then = {{u,b) : u e U,b e B^} and 

F''n:^p7r;{B) = F'^({(x, b):xeGU,be = {[x,b] : x e GU,b e 

The map [g] ^ a{g) from GU / R{(y) — t- t/ is a bijection. It follows that 

F'^ni^pT,;{B) = {[a,b]:ueU,beB^}, 

and that ts '■ [u,b] 1— j- {u,b) is an isomorphism from F'^Q*p7i*{B) to LjjiB). It is 
routine to see that for a morphism / of G-sheaves, F''Qlp7i*(f)[u,b] = [u,f{b)], and 
ilj{f){u, b) = (m, /(&)), so the family of maps ts constitute a natural isomorphism from 

It remains to check that Llj{ZiG(o)) — ^u- have 

^*t/(^G(o)) = {{x,n,y) ■.xeU,{n,y)eZx G^^\lu{x) = y} 
= {(x, n, x) : X E U,n E Z}, 
and the latter is isomorphic to Zjj via (x,n, x) (n, x). □ 
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For the next lemma, we need some notation. 

Notation 7.3. Given a topological space X, continuous T- valued functions /, g defined 
on open subsets of X, and a point x E X, we write f g if there exists an open 
neighbourhood W of x with W C dom(/) fl dom{g) such that f\w = g\w- We denote 
by [/]^ the equivalence class of / under r^^; this is called the germ of / at x. The sheaf 
Sx has fibres 

<Sx '■= {[f]x • / ^ T) for some open neighbourhood U of x}, 

with group operation + [g]^ := [(/|dom(/)ndom(g))(5'|dom(/)ndom(g))]f • For each open 
set U G X and function / e C{U,T), let Of^ := : x e U}. The topology 

on Sx has basis {0f^ : U C X is open, / G C(?7, T)}. Fix an open subset U of X. 
The puUback sheaf l^j^Sx) is equal to {(n, ) : u E U, [f]^ G 5x} with the relative 
topology inherited from X x Sx] we regard l^{S) as the restriction of 5 to U. 

Lemma 7.4. Lei X and Y be second-countable, locally compact spaces such that X 
is locally Hausdorff and Y is Hausdorff. Let ip be a local homeomorphism from Y 
onto an open subset of X. There is an isomorphism cf) : iIj*{Sx) Sy determined by 

^{y, [/]?(,)) = [/°C- 

In particular, if U is an open subset of a second-countable, locally compact, Hausdorff 
space X with inclusion map iu '■ U X , then there is an isomorphism : lIj{Sx) Su 
determined by (f){u, [f]^) = [/]^. 

Proof. To see that the formula for is well-defined, suppose that {y, = {z, [g]^^^-j)- 

Then y = z, and there exists an open neighbourhood V of ipi^y) in X such that f\v = g\v- 
Let U := ip~^(y). Then U is an open neighbourhood of y, and {f o ^p)\^ = {g o 
because / and g agree on ip{U). Hence [/ o = [g° "ip]^ ■ It is routine to check that 
is a sheaf morphism. 

For surjectivity, fix an open subset U CY, a. function / G C{U, T) and a point y eU . 
We must show that [/]^ belongs to the image of cf). Choose a sub neighbourhood V (ZU 
of y such that ip\v is a homeomorphism, and define g G C{%lj{y), T) hj g := f o {%l)\y)~^. 
By definition, 

MS,)) = [9 o i^Vy = [f o mv)-' o = [f\y]i = [f]y. 

For injectivity, suppose that 0(?/, = (piz, Then y = z, and there 

is an open U C X such that ip{y) G U and {f o ■^p)\^ = {g o ■ip)\if. Since ip is a local 
homeomorphism, iplU) is an open neighbourhood of iply) in X. Moreover, for x G ip{U), 
say X = ip{z), we have /(x) = / o ip(z) = g o tp(^z) = g{x), so f and g agree on tpiU). 
Hence [f]^i^y) = so (y, = {z, [g]^^,)), and hence is injective. To see that 

is a homeomorphism, recall that the basic open sets in Sx are those of the form 

where U ranges over open subsets of X and / ranges over continuous T-valued func- 
tions on U. Since is a local homeomorphism, the family of open sets {OXy : 
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ip\v is a homeomorphism} is a basis for the topology on Sy- The basic open neigh- 
bourhoods in 7r^(iSx) are by definition of the form 

W*Ol^ = {W^ Ol^) n 7r;(5x) = IJ {{w, [/] J^^) : ^{w) e W}. 
where W gY is open and Ofjj is a basic open set in Sx- We calculate: 

If V gY and tp\v is a homeomorphism, then for / G C(y), 

= {[/ ° : y e = 0f,(^|^)_,,^(^), 

which is a basic open set because ip is open. Hence both (p and carry basic open 
sets to basic open sets, and is a homeomorphism. 

For the second statement, apply the first to lu : U ^ X . □ 

Recall from [29l page 215] that given a groupoid G and a G-sheaf 5, for each n G N, 
the n*"^ equivariant-cohomology group H'^{G, B) is defined by H"^{G, B) := Ext{i.(Z, B) 
(see [22] for an alternative definition of sheaf cohomology of etale groupoids). 

Proposition 7.5. Suppose G is a second-countable, locally compact, Hausdorff] etale 
groupoid, B a G-sheaf, and U a full open subset of C^^^ Then the inclusion ljj : 
UGU — G induces an isomorphism l^j : H*{G,B) H*{UGU, l^j^B)), so in particular 
an isomorphism : H'^{G,Sq{o)) — )■ H'^{UGU,Su)- 

Proof. Note that ^^(^^.(0)) = Z^ by Lemma [7.2[ So the first isomorphism follows from 
applying [291 Proposition 1.8] to the groupoid homomorphism Lu : UGU — > G. In 
particular, there is an isomorphism : H'^{G,Sq(o)) -> H'^iUGU, lIj{Sq(o))). Now 
LemmaOand naturality of H* imply that H'^{UGU, ^^(5^(0))) = H^{UGU,Su). □ 

Corollary 7.6. Let X be a second-countable, locally compact, locally Hausdorff space. 
For i = 1,2 fix a second-countable, locally compact, Hausdorff space Yi and a local 
homeomorphism ipi : Yi ^ X . Let Y = YiL\Y2, and define ip : Y X by iply^ = ipi- 
Then for each i, the inclusion map Ly^ : R{ipi) — R{ip) induces an isomorphism Ly- '■ 
H"^ {R{ip) , Sy) — H'^{R{ipi),SYi)- In particular Li^2 '■= o ('•yj"^ m isomorphism 
from H^{R{^,),Sy,) to H^Rii;^) , Sy,) . 

Proof. The Yi are full in R(ijj)^'^\ and YiR(ip)Yi = R{ipi). The result now follows from 
Proposition 17.51 □ 

Let r — > -R be a twist, R' be a principal etale groupoid, and ip : R' ^ R he a. con- 
tinuous groupoid homomorphism. Then the pullback twist ^p*{T) is the fibred product 
R' *^ r with structure maps r(a, 7) = r(a) and s{a, 7) = s{a), and with coordinatewise 
operations; it is regarded as a twist over R' under the surjection (0,7) a. 

Recall from [29l Remark 2.9] that given a twist P A- i? there is an extension 

iS^(o) — )• P — )• -R 
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such that r is the groupoid consisting of germs of continuous local sections of the 
surjection F — )■ i?. Such extensions are called sheaf twists, and the group of isomorphism 
classes of sheaf twists over R is denoted Tr(iS) (see [221 Definition 2.5]). Fullbacks of 
sheaf twists are defined in a manner analogous to that of the preceding paragraph. By 
the discussion in [291 Section 2.9], the assignment F i— )■ F determines an isomorphism 
Or '■ [F] I—)- [F] from the group Tw(i?) of isomorphism classes of twists over R to Tr(iS). 
Moreover, suppose that i? is a principal etale groupoid, F is a twist over R, and [/ is a 
full open subset of X = R^^^ . Then an argument nearly identical to that of Lemma 17.41 
shows that [0]^ i— )■ {u, [(f>]u) determines an isomorphism i^(F) = i^(r). Hence, using 
Lemma [7.41 to identify with Su, we see that the diagram 



(7.2) 



Tw{R) 

en 
Tr{Sx) 



-> Tw{URU) 

SuRU 

TuRu{Su) 



commutes. 

The long exact sequence of [29| Theorem 3.7] yields a boundary map from the 
first derived functor Z\ of the cocycle functor to H'^{R,S). By [2^ Corollary 3.4], the 
twist group Tr(iS) is naturally isomorphic to Z}^, so each twist F over R determines an 
element ^^([r]) G H^{R,S). 

Theorem 7.7. Fix a separable Fell algebra A. For each of i = 1,2 suppose that {Ci, Di) 
is a diagonal pair, and that Hi is an A-Ci-imprimitivity bimodule with Rieffel homeo- 
morphism hi : Ci A. For each i, let ipi : Di ^ Ci be the spectral map, and let Fj be 
a twist associated to {Ci, Di) as in Theorem \6.1\ For each i, let tpi := hi o tpi : Di ^ A. 
Then the isomorphism L12 '■ H'^{R{ipi),Sjy ) H'^{R{iI)2)iSq ) of Corollary \7.6\ carries 
d^{[T,])tod^{[T,]). 

Proof. Since each Ci is Morita equivalent to A, each Ci is a separable Fell algebra, and 
Lemma 16.51 implies that Fi and F2 are equivalent twists. Let F -> i? be a linking twist 
(see Definition |63D- Then in particular, each F^ = AFA = ^^^(r). Let Y := DiU D2 

and define ip : Y A hy = "ipi- Since ^1,2 
to show that, for each of z = 1,2, the isomorphism 



by definition, it suffices 



■.H\R{^),SY)^H\Ri^,),S^ 



obtained from the first statement of Corollary 17.61 carries ([F]) to ([r^]) . 

The naturality of the long exact sequence of [291 Theorem 3.7] together with [29 
Corollary 3.4] implies that the right-hand square of the diagram 



Tw{R{^i),T) 



Tw{R{i,),T) 



T 



H^{R{^P,),Sq,) 



-f H\R{ij),Sy] 
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commutes; the left-hand square is an instance of fl7.2p . Since F is a linking twist for 
the Fj, the maps on the left of the diagram carry [F] to [F^] . Since the diagram 

commutes, it follows that the maps on the right of the diagram carry (9^([r]) to 

d'm- ^ □ 

If X and Y are topological spaces, and ip -.Y ^ X & local homeomorphism, then 
we may regard X as a groupoid whose only elements are units, and there is then an 
induced groupoid homomorphism vr^ : R{jp) — )■ X given by vr^(?/, z) = ipiy). 

Proposition 7.8. Let X he a second-countable, locally compact, locally Hausdorff space, 
let Y he a second- countable, locally compact, Hausdorff space, and let ip : Y ^ X be 
a local homeomorphism. Then tt^ : Sh(X) — j- Sh{R{ip)) is an equivalence of categories 
such that 7r^(Z^) = Zy and 7r^(iSx) = Sy- Moreover, vr^ determines an isomorphism 
71^ : H*{X,Sx) H* {R{ip) , Sy) ■ Finally, under the hypotheses of Theorem \7\7\ li^2 ° 



TT 



vr- 



■01 l/)2 

Proof. Regard X as a groupoid with unit space X whose only morphisms are units. 
Then 

X^ = {{y, X, z) : ij{y) = x = ^(^)} ^ R{ij), 
and under this identification the map vr^ : (?/, x,z) ^ x of (17. ip agrees with the map 
TT^ : R^tp) ^ described above. 

By [23 Proposition 0.8 and Theorem 0.9], vr^ is an equivalence of categories which 
takes Z to Z. Moreover, Lemma 17.41 implies that vr^ takes 5 to 5 also. That vrj 
determines an isomorphism of cohomologies follows from [221 Proposition 1.8]. 



It remains to show that 2 o tt*- = tt*- . For this, let K = Di for i = 1,2, let 

y := Yi U Y2 and define : Y ^ A hy tply^ 
diagrams below. 



ipi as in Corollary 17.61 Consider the 






R{i^2) 




The diagram on the left commutes by definition, and it follows that the diagram on the 
right commutes also. Recall that li^2 = ('•ya)"^ ° '-Yi t>y definition. Thus functoriality 
and naturality of the cohomology exact sequence, and that tt^ takes S to S ensure that 
ii 2 o TT*- = TT*- as required. □ 

■01 V2 



Theorem 17.71 and Proposition 17.81 ensure that we may specify a well-defined invariant 
as follows. 

Definition 7.9. Let A be a separable Fell algebra. Let (C, D) be a diagonal pair 
such that C is Morita equivalent to A, fix an A-C-imprimitivity bimodule, and let 
/i : C* — 7- A be its Rieffel homeomorphism. Let %p : D ^ C he the spectral map, and 
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ip := h o if) : D ^ A. Let F be the twist associated to (C, D) as in Theorem 16.11 Then 
we define 

5{A):={n*^~\d\[V^)eH\lS). 

Remark 7.10. It seems difficult to estabhsh that our invariant 5{A) coincides with the 
original Dixmier-Douady invariant of A when A is a continuous-trace C*-algebra. The 
issue is that the boundary map which takes the class of a twist over R{ip) to an 
element of H^{R{ip),S) is defined by abstract nonsense. Nevertheless our invariant does 
classify Fell algebras up to spectrum-preserving Morita equivalence (see Theorem 17. 13p . 
and this generalises the original Dixmier-Douady theorem of [17]. 

Proposition 7.11. Let {G,X) be a free Cartan transformation group. Then 5{Cq{X) xi 
G) = as an element of H'^{X/G,S). 

Proof. By Corollary 14. 6^ Cq{X) xi G is Morita equivalent to a groupoid C*-algebra 
C*{R), where i? is a principal, etale groupoid. By the remarks following Corollary 14. 6 j 
C*{R) is a Fell algebra. Thus the reduced C*-algebra C*{R) is also a Fell algebra and 
hence is nuclear. By |2l Corollary 6.2.14], since R principal and C*{R) is nuclear, R is 
measurewise amenable, and thus C*{R) = C*{R) by [21 Proposition 6.1.8]. 

By Lemma lATTl C*{R) is isomorphic to the C*-algebra C*{R x T\R) of the trivial 
twist F := i? X T — )■ i?. The associated sheaf twist F is therefore also trivial and hence 
d^{\r]) = 0. It follows that 6{Co{X) x G) = also. □ 

To prove our classification theorem, we need another lemma. 

Lemma 7.12. Let X be a second-countable, locally compact, locally Hausdorff space. 
For i = 1,2, let Yi be a second-countable, locally compact, Hausdorff space, and let 
ipi : Yi ^ X be a local homeomorphism. For i = 1,2, let Fj — )■ R{ipi) be a twist, and 
suppose that the isomorphism 61^2 of Corollary 7.6 carries ([E^]) to ([£2]) . Then 



there exists a locally compact, Hausdorff space Z and local homeomorphisms pi : Z ^ Yi 
such thatipiopi = ■02 0^2 CLnd Ti*p_^{V i) = v:*^{V2) as twists over R{ipio p^) . In particular, 
Fi and F2 are equivalent twists. 

Proof Let Y := Yi * Y2 = {(1/1,1/2) e Yi x Y2 : ipiivi) = ^2(z/2)}- For each i, let 
0j : y — 7- Yi be the projection map; then ipi o (pi = ip2 o 02 is a local homeomorphism 
from Y to X. 

We claim that each Fj is twist-equivalent to 7rJ. (Fj). To see this, we first observe that 
for i = 1,2, the assignment 

(x, {(f)i{x),(f)i{y)),y) f-> {x,y) 

is an isomorphism from R{ipi)'^^ to Ri^ipi ° the assignment {{x,y),g) h- )■ {x,g,y) 

is an isomorphism from ttJ, (Fj) to rf\ By [2S1 Proposition 5.7], each Fj is equivalent to 
Vf', so the isomorphisms above complete the proof of the claim. 

SlUCG 

Proposition 3.9] implies that there exists a locally compact, Hausdorff space Z and a 
local homeomorphism t : Z ^ Y such that 7r*(7rJ^(r^)) and 7r*(7r^^(r2)) are isomorphic 
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sheaf twists. Since each n^^o^iTi) = 7r*(7r^^(rj)), it follows that with pi := 0jor : Z — )■ Fj, 
we have Tip-^{Ti) = 'n'p^{T2)y ^^'^ hence by naturality 

(7.3) vr;^(ri) = 7r;^(r2). 

For the final assertion, we apply the claim above with (pi replaced with pi to see that 
each Fj is twist-equivalent to vr*. (Fj), and then invoke fl7.3p . □ 

Theorem 7.13. Let Ai and Ai he separable Fell algebras. Then Ai and A2 are Morita 
equivalent if and only if there is a homeomorphism h : Ai ^ A2 such that the induced 
isomorphism h* : H'^{A2,S) H'^{Ai,S) carries 6{A2) to S{Ai). 

Proof. First suppose that H is an 742-y4i-imprimitivity bimodule and let h : Ai ^ A2 
be the associated Rieffel homeomorphism. Let (C, D) be a diagonal pair together with 
an 742-C-imprimitivity bimodule K, and let k : C A2 be the Rieffel homeomorphism 
associated to K. Let : D ^ C he the spectral map. 

Let ip2 '■= k o ip : D ^ A2, and let F2 — )■ -R be the twist obtained from {C,D) as 
in Theorem 16.11 Note that R = R{ip2) by Proposition 16.31 By definition, ^(^2) = 
(7rJ^)-^(9^([r2])) e H'^{A2,S). Let H be the dual bimodule of H, and observe that 

K H is a C-y4i-imprimitivity bimodule with Rieffel homeomorphism o k. Let 
ipi := o k o ip : D ^ Ai, and let Fi be the twist over R{ipi) obtained from (C, D) as 
in Theorem O Again by definition, = (ttJ^)"^ (S^ ([£1])) e H\R{iPi),S). Since 

ip2 = h o ipi^ Theorem 17.71 and Proposition 17.81 imply that the induced isomorphism 
h* : H\A2,S) H\Ai,S) carries 5(^2) to 

Now suppose that there is a homeomorphism h : Ai ^ A2 such that the induced iso- 
morphism h* : H'^{A2,S) — H'^{Ai,S) carries ^(^2) to 6{Ai). Let {Ci,Di) be diagonal 
pairs with Cj Morita equivalent to A^, let ipi : Di ^ Ci be the spectral maps, and let 
Fj — )■ R{ipi) be the associated twists. Proposition 17.81 and the hypothesis that h* carries 
5{A2) to 5{Ai) ensures that the induced map (also denoted h*) from H'^{R{tp2),S) to 
H^{R{ipi),S) satisfies 

h*{d\[V2]))=d\[V,]). 

Hence we may regard Fi as a twist over R{h o ipi) with the same image under 
as F2. Lemma 17.121 therefore implies that Fi and F2 are equivalent twists, and then 
Lemma 16.51 implies that Ci and C2 are Morita equivalent, whence Ai and A2 are also 
Morita equivalent. □ 

Recall that if X is the spectrum of a C*-algebra then X is locally compact, and every 
open subset of X is itself locally compact (because it is the spectrum of an ideal); such 
spaces are called locally quasi-compact in [TOl §3.3]. 

Remark 7.14. Let X be a second-countable, locally Hausdorff space such that every 
open subset of X is locally compact. We will show that every element of H^{X,S) 
arises as the class of a Fell algebra with spectrum X. To do this, it is convenient 
to work with Cech cohomology, rather than sheaf cohomology, of a locally compact, 
Hausdorff "desingularisation" Y of X. 
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It is observed in [371 Hooptedoodle 4.16], with reference to [IHl §5.23], that all rea- 
sonable sheaf-cohomology theories coincide over Hausdorff paracompact spaces. Specifi- 
cally, by Theorem 5.32 of [15] and the subsequent corollary, any two sheaf cohomologies 
over Hausdorff paracompact spaces satisfying [121 Axioms 5.18] are canonically isomor- 
phic. Warner demonstrates in [^ §5.33] that Cech cohomology satisfies these axioms. 
All but one of these axioms are automatically satisfied by the sheaf cohomology used 
here because it is defined in terms of derived functors; the remaining axiom (property (b) 
of [ISl Axioms 5.18]) requires that H'^{Y, B) = for g > if i? is a fine sheaf, and this 
follows from Proposition 4.36]. 

For an introduction to Cech cohomology, see [371 Chapter 4]. Given a covering (f/, : 
i e /} of a space Y, and given k E I, we write Uijk for the intersection Ui fl Uj fl Uk- 

Lemma 7.15. Let Y be a second-countable, locally compact, Hausdorff space. For each 
a G H'^{Y,S), there exists a locally compact, Hausdorff space Z and a local homeomor- 
phism i: Z ^Y such that 4)*{a) = G H'^{Z,S). 

Proof. By Remark 17.141 we may regard a as an element of f{'^{Y,S). So there exists a 
covering U = {Ui : i e /} of F by open sets and a 2-cocycle c = {cijk : Uijk T | 
i, j, k E 1} such that a is equal to the class of c in H^{Y, S). 

Let Z := Uie/({0 ^ ^i) C / x F, and let : Z — F be the projection onto the 
second coordinate. Let Vi := {i} x Ui C Z for each i. Then V = {Vi : z G /} is a 
refinement of the pullback cover {(j)~^{Ui) : z G /} to a cover by mutually disjoint sets; 
in particular the only nonempty triple overlaps are those of the form Vm. Since H^{Z, S) 
is the direct limit over covers of Z of the cocycle group, the class of 0*(c) is equal to the 
class of its image iu,v{4>*{c)) in the cocycle group for the V. Since the Vi are pairwise 
disjoint, «w,v(0*(c)) amounts to a continuous circle-valued function on each Vm, and so 
is a coboundary (specifically, the coboundary of itself regarded as a 1-cochain). □ 

Next we require notation for the forgetful functor which takes an equivariant F-sheaf B 
to an ordinary sheaf B^ over F'' by forgetting the F-action. Note that B^ = j*{B) where 
— )■ F is the inclusion map. The pullback functor induces the homomorphism j* : 
H"'{T, B) — 7- H^{V^^\ B^) which appears in the long exact sequence of [29l Theorem 3.7]. 

Proposition 7.16. Let X be a second- countable, locally Hausdorff space such that every 
open subset of X is locally compact. Then for each a G H'^{X,S) there exists a locally 
compact, Hausdorff space Z , a local homeomorphism ip : Z X and a twist F over 
R{ip) such that a = (vr^)"^ (9"'^ ([£])) . In particular, for each a G H'^{X,S), there exists 

a separable Fell algebra A such that A = X and a = 6{A). 

Proof. Choose a countable open cover {Ui} of X consisting of Hausdorff subsets of X 
and let F := Ui. Since every open subset of X is locally compact, each Ui is locally 
compact, and hence F is locally compact and Hausdorff. The inclusion map 6 : Y ^ X 
is a local homeomorphism. Let b := 7ig{a) G H^{R{6),S). By Lemma [7.151 there exists 
a second-countable, locally compact, Hausdorff space Z and a local homeomorphism 
(j) : Z ^ Y such that (p^jHh)) = 0. het i}) := 6 o (j) : Z ^ X . Then by naturality 
of the long exact sequence, j'^i.'^^i.'^)) = G H^{Z,S). By exactness, it follows that 
there is a twist F over Riijj) such that 7r;(a) = 9^ ([£]). Let A := C;(F; /?(?/;)). By 
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Theorem 16.6( 2). A is a Fell algebra and its spectrum is homeomorphic to X. After 



Remark 7.17. There is a notion of a Brauer group Br(G) for a locally compact, 
HausdorfT groupoid G [30]. Moreover, [301 Proposition 11.3] implies that if G is etale, 
then Br(G) = H'^{G,S). If Z is a groupoid equivalence of locally compact, Hausdorff 
groupoids G and H, then Z determines an isomorphism between H'^{G, S) and H^{H, S) 
[5D| Theorem 4.1]. Thus H'^{X,S) is canonically isomorphic to Br(i?('0)) for any local 
homeomorphism ip from a locally compact, Hausdorff space onto X (the isomorphism 
of Proposition 17.51 is a special case of (HHl Theorem 4.1]). 

Though it would have been natural to identify Br(X) with H'^{X,S) for a locally 
compact, locally Hausdorff space X, we have chosen not to use the notation Br(X) nor 
the term Brauer group as the notion has not yet been extended to non-Hausdorff spaces 
(to say nothing of non-Hausdorff groupoids). To justify the use of the term it would 
first be necessary to formulate a notion of balanced tensor product for Fell algebras with 
spectra identified with X. We leave the details for future work. 



Let r be a T-groupoid and P — )■ i? a twist (see page [19] for the definition of a twist). 
The details of the construction of the twisted groupoid C*-algebra C*(P;-R) may be 
found in §2 of [28]. The idea is that a dense subalgebra is identified with continuous 
compactly supported sections of an associated line bundle, and then convolution and 
involution are defined by virtue of the Fell bundle structure of the line bundle (as in 
[1T| §5] but our conventions differ slightly). We briefly review the construction for the 
convenience of the reader. Since R is an etale groupoid, we may use the standard Haar 
system consisting of counting measures. 

Define a line bundle L = L{r) over R by taking the quotient of C x P by the diagonal 
action of T — that is, L consists of equivalence classes of the equivalence relation 
{z, 7) ~ (tz, t ■ 7) for t G T. Then L is a complex line-bundle over R with bundle map 
[(2;, 7)] h-> g(7). As usual, we denote by Lp the fibre over p E R. 

The following Fell bundle structure on L is implicit in [2B]. Given a composable pair 
[pi) P2) of elements in R and elements [(24,7,)] G L^., we define the product in Lp^p^ by 



and involution is defined by [(2^,7)] G -^vq(^) [(z, 7^-*^)] G Lg(^-i). It is straightforward 
to check that these operations are well defined. 
Now define 



Each / G Cc(P; R) determines a section / of L by the formula fi^qi^)) := [(/(7),7)] (it 
is straightforward to check that this map is well defined). Moreover, given 7 G P, and 
z eT the element z is uniquely determined by 7 and [2^,7], so / H- / is a bijection. 
Hence we may endow Cc(P; R) with the structure of a *-algebra by the following formulae 




□ 



Appendix A. The C*-algebra of a twist 



[(^1,71] [(^2, 72)] = [(2:1 2:2, 7172)]; 



C,(P; R) := {/ G C,(P) : f{t ■ 7) = tf{^) for t G T and 7 G P}. 
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for f,geC,{T;R) 

{f*9r{p)=J2f(^y9(f^) and r(p) = /vr. 

These operations match up with the convolution and involution on Cc{T; R) used in, for 
example, [33] and [H]. To keep our notation simple we identify each element of Cc{T] R) 
with the corresponding compactly supported continuous section of the Fell bundle L (as 
in [28] and [H]). 

Note that the map, {x,z) ^-)■ [(a:^,^)] gives a trivialisation i?*^*^^ x C = L\j^(o) and 
hence L is trivial over R^^^; thus we may identify Cc{R^^^) with the abelian subalgebra 
{/ e Cc{T; R) : supp / C R^^^}, so CdT; R) may be regarded as a right Cc{R^^^) module 
under right-multiplication. Moreover, the restriction map P : CciT;R) Cc{R^'^^) is a 
Cc (i?^°^)-module morphism. For f,g G Cc{T;R), the formula {f , g) = P{f*g) defines 
an inner product on Cc{T;R), and the completion H{r;R) of Cc{T;R) in the norm 
11/11 = IK/, /)||;^2 ^ right-Hilbert Co(^^°^)-module. Finally, left multiphcation by 
/ G Cc{T]R) extends to an adjointable operator </>(/) on H{r]R)] this defines a *- 
homomorphism (j) : Cc(T; R) — C{H{T] R)). The twisted groupoid C*-algebra C*{T] R) 
is defined to be the completion of Cc{T; R) in the operator norm, and Co{R^^^) is iden- 
tified with the closure of C^iR^'^^) in C;{T; R). 

We show that {C*(T; R),Co{R^'^^)) is a diagonal pair in the sense of Definition 15.21 
This follows from [2S1 Proposition 2.9] and Corollary 15.61 once we establish that Co(i?(°)) 
contains an approximate identity for C*{r;R). For this, let be an increasing 

sequence of compact subsets of R^'^^ such that R^^'^ = Un-^w each, n G N, fix 

gn G Cc(-R''°^) such that gn\K„ = 1- Since {fgn){p) = f{p)9n{s{p)) for each compactly 
supported section /, the gn form an approximate identity for C*{V] R). 

For the next result, recall from [291 Remark 4.2] that a trivial twist over R is isomor- 
phic to i? X T — i?. The reduced norm on Cc{R) is variously defined in the literature; 
see, for example, [391 P- 82] and [21 p. 146], and also [131 §3] for a discussion of the equiv- 
alence of these two definitions. There are also two definitions of the reduced norm on 
Cc{T] R): one using the operator norm outlined above and the other based on induced 
representations from point evaluations on Co{R^^^) used in [^ p. 40]. The equivalence 
of the two follows from the observation that 

Mf)^\s-Hx)\v\s~^{x))H^ = ^)c7o(i?(o))(^) 

for compactly supported sections / G Cc{T; R) and ^,1] E Cc(T; R) C H{V] R) (see also 
the discussion in [HI p. 40]). 

Lemma A.l. If T ^ R is a trivial twist, then C*{T] R) = C*{R). 

Proof. Suppose that F is a trivial twist. Then we may identify L and Cxi? and 
therefore Cc{R,L) and Cc{R)- It is routine to check that this identification preserves 
the *-algebra structure defined above. So we just need to check that for / G Cc{R) we 
have 11/11^ = U{f)\\. Let / G Cc{R). By the definition given in [311 P- 82], we have 



11/11, = sup, II Ind,(/)|| 
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where ranges over Radon measures on R^^\ Denote by tt^ : Co(-R*-°-*) B{L'^{R^'^\ fx)) 
the usual representation by multiphcation operators. The discussion on page 81 of [39] 
shows that the induced representation Ind^ is given on 

H{T-R) L\R^^\fi) 

by the formula 

Ind^(/)(e®^7) = 0(/)e®^?. 

Hence, ||Ind^(/)|| < and so < Now, let be a measure with full 

support; then tt^ is faithful and hence the corresponding representation of IC{H{T; R)) 
is also faithful. Since £(if(r; R)) = M{1C{H{T\ R)))i this shows that Ind^ is faithful on 
C*{T-R). Hence, ||0(/)|| = ||lnd^(/)|| < ||/||.. □ 

References 

[1] C.A. Akcmann and F.W. Shultz, Perfect C*-algehras, Mem. Amcr. Math. Soc. 55 (1985), no. 326, 
xiii+117. 

[2] C. Anantharaman-Delaroche and J. Renault, Amenable groupoids. With a foreword by Georges 
Skandalis and Appendix B by E. Germain, L'Enseignement Mathematique, Geneva, 2000, 196. 

[3] J. Anderson, Extensions, restrictions, and representations of states on C* -algebras, Trans. Amer. 
Math. Soc. 249 (1979), 303-329. 

[4] R.J. Archbold, Extensions of pure states and projections of norm one, J. Funct. Anal. 165 (1999), 
24-43. 

[5] R.J. Archbold, J.W. Bunco, and K.D. Gregson, Extensions of states of C* -algebras. II, Proc. Roy. 

Soc. Edinburgh Sect. A 92 (1982), 113-122. 
[6] R.J. Archbold and D.W.B. Somerset, Transition probabilities and trace functions for C* -algebras. 

Math. Scand. 73 (1993), 81-111. 
[7] B. Blackadar, Operator algebras. Theory of C*-algebras and von Neumann algebras. Operator 

Algebras and Non-commutative Geometry, III, Springer- Verlag, Berlin, 2006, xx -1-517. 
[8] P. Bouwknegt, K. Hannabuss, and V. Mathai, Nonas sociative tori and applications to T-duality, 

Comm. Math. Phys. 264 (2006), 41-69. 
[9] N. Bourbaki, Elements de mathematique. Topologie generale. Chapitres 1 a 4, Hermann, Paris, 

1971, xv+357, 

[10] J.-L. Brylinski, Loop spaces, characteristic classes and geometric quantization, Reprint of the 1993 

edition, Birkhauser Boston Inc., Boston, MA, 2008, xvi-|-300. 
[11] L.J. Bunce and C.-H. Chu, Unique extension of pure states of C* -algebras, J. Operator Theory 39 

(1998), 319-338. 

[12] A.L. Carey and M.K. Murray, Faddeev's anomaly and bundle gerbes, Lett. Math. Phys. 37 (1996), 
29-36. 

[13] M.D. Choi and E.G. EfFros, The completely positive lifting problem for C* -algebras, Ann. of Math. 
(2) 104 (1976), 585-609. 

[14] L.O. Clark, Classifying the types of principal groupoid C* -algebras, J. Operator Theory 57 (2007), 
251-266. 

[15] J. Cuntz, Automorphisms of certain simple C* -algebras, in Quantum fields — algebras, processes, 
(Proc. Sympos., Univ. Bielefeld, Bielefeld, 1978), Springer, Vienna, 1980. 

[16] J. Dixmier, C*-algebras, Translated from the French by Francis Jellett, North-Holland Mathemat- 
ical Library, Vol. 15, North-Holland Publishing Co., Amsterdam, 1977, xiii-|-492. 

[17] J. Dixmier and A. Douady, Champs continus d'espaces hilbertiens et de C* -algebres. Bull. Soc. 
Math. France 91 (1963), 227-284. 

[18] R. Exel, Non-Hausdorff etale groupoids, preprint (2008), arXiv:0812.4087v3 [math.OA]. 

[19] J.M.G. Fell, The structure of algebras of operator fields. Acta Math. 106 (1961), 233-280. 



A DIXMIER-DOUADY THEOREM FOR FELL ALGEBRAS 



37 



[20] P. Green, C* -algebras of transformation groups with smooth orbit space, Pacific J. Math. 72 (1977), 
71-97. 

[21] A. Grothendieck, Sur quelques points d'algebre homologique, Tohoku Math. J. (2) 9 (1957), 119- 
221. 

[22] A. Haefliger, Differential cohomology, in Differential topology (Varenna, 1976), Liguori, Naples, 
1979. 

[23] A. an Huef, The transformation groups whose C* -algebras are Fell algebras, Bull. London Math. 
Soc. 33 (2001), 73-76. 

[24] A. an Huef, Integrable actions and transformation groups whose C* -algebras have bounded trace, 

Indiana Univ. Math. J. 51 (2002), 1197-1233. 
[25] A. an Huef, L Raeburn, and D. P. Williams, Properties preserved under Morita equivalence of 

C* -algebras, Proc. Amer. Math. Soc. 135 (2007), 1495-1503. 
[26] R.V. Kadison and I.M. Singer, Extensions of pure states, Amer. J. Math. 81 (1959), 383-400. 
[27] A. Kumjian, Diagonals in algebras of continuous trace, With an appendix by Toshikazu Natsume, 

Lecture Notes in Math., 1132, Operator algebras and their connections with topology and ergodic 

theory (Bu§teni, 1983), 297-311, Springer, Berlin, 1985. 
[28] A. Kumjian, On C* -diagonals, Canad. J. Math. 38 (1986), 969-1008. 

[29] A. Kumjian, On equivariant sheaf cohomology and elementary C* -bundles, J. Operator Theory 20 
(1988), 207-240. 

[30] A. Kumjian, P.S. Muhly. J.N. Renault, and D.P. Williams, The Brauer group of a locally compact 
groupoid, Amer. J. Math. 120 (1998), 901-954. 

[31] V. Mathai and J. Rosenberg, T-duality for torus bundles with H-fiuxes via noncommutative topol- 
ogy. IL The high- dimensional case and the T-duality group. Adv. Theor. Math. Phys. 10 (2006), 
123-158. 

[32] P.S. Muhly, J.N. Renault, and D.P. Williams, Equivalence and isomorphism for groupoid C*- 

algebras, J. Operator Theory 17 (1987), 3-22. 
[33] P.S. Muhly and D.P. Williams Continuous trace groupoid C* -algebras. IL Math. Scand. 70 (1992), 

127-145. 

[34] R.S. Palais, On the existence of slices for actions of non-compact Lie groups, Ann. of Math. (2) 
73 (1961), 295-323. 

[35] G.K. Pedersen, C*-algebras and their automorphism groups. Academic Press Inc. Harcourt Brace 

Jovanovich Publishers, London, 1979, ix+416. 
[36] J. Phillips and I. Raeburn, Automorphisms of C* -algebras and second Cech cohomology, Indiana 

Univ. Math. J. 29 (1980), 799-822. 
[37] I. Raeburn and D.P. Williams, Morita equivalence and continuous-trace C*-algebras, American 

Mathematical Society, Providence, RI, 1998, xiv+327. 
[38] I. Raeburn and D.P. Williams, Dixmier-Douady classes of dynamical systems and crossed products, 

Canad. J. Math. 45 (1993), 1032-1066. 
[39] J. Renault, A groupoid approach to C*-algebraS; Springer, Berlin, 1980, ii+160. 
[40] J. Renault, The ideal structure of groupoid crossed product C* -algebras, J. Operator Theory 25 

(1991), 3-36. 

[41] J. Renault, Cartan subalgebras in C* -algebras, Irish Math. Soc. Bull. 61 (2008), 29-63. 

[42] J. Rosenberg, Continuous-trace algebras from the bundle theoretic point of view, J. Austral. Math. 

Soc. Ser. A 47 (1989), 368-381. 
[43] A. Sims and D.P. Williams, Renault's equivalence theorem for reduced groupoid C*-algebras 

preprint (2010), arXiv:1002.3093vl [math.OA]. 
[44] J. Tomiyama, On the projection of norm one in W* -algebras, Proc. Japan Acad., 33 (1957), 

608-612. 

[45] C. Voisin, Thcorie de Hodge et geometric algcbrique complexe, Societe Mathcmatique de France, 
Paris, 2002, viii+595. 

[46] F.W. Warner, Foundations of differentiable manifolds and Lie groups, Scott, Foresnian and Co., 
Glenview, lU.-London, 1971, viii+270. 



38 



AN HUEF, KUMJIAN, AND SIMS 



[47] S. Wassermann, Tensor products of maximal abelian subalgebras of C* -algebras, Glasg. Math. J. 
50 (2008), 209-216. 

[48] D.P. Williams, The topology on the primitive ideal space of transformation group C* -algebras and 
C.C.R. transformation group C* -algebras, Trans. Amer. Math. Soc. 266 (1981), 335-359. 

Department of Mathematics and Statistics, University of Otago, Dunedin 9054, New 
Zealand 

E-mail address: astr idSmaths . otago . ac . nz 

Department of Mathematics, University of Nevada, Reno, NV 89557, USA 
E-mail address: alex@unr.edu 

School of Mathematics and Applied Statistics, University of Wollongong, NSW 
2522, Australia 

E-mail address: asimsSuow.edu.au 



